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This book gives a basic account of the theory of 
interaction and the results of numerous experimental 
investigations on the passage of heavy charged particles 
and electrons through matter. 

The book deals mainly with problems of the energy 
loss of charged particles and the resulting ionization, 
with relations between the range and the energy of 
particles, and related topics, Extensive data are pre- 
sented which should prove useful for physicists and 
engineers. 

The book is intended for research scientists, uni- 
versity lecturers, and for postgraduate students special- 
izing in fields of physics and engineering physics. 
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Chapter I 


PASSAGE OF HEAVY CHARGED PARTICLES 
THROUGH MATTER 


§ 1. Introduction 


Short review of the interactions of heavy charged particles with matter, 
When charged particles pass through matter the following processes may 
take place: 

1) inelastic collisions with the bound electrons of the retarding medium, 
in which the energy lost by the particle is spent on the excitation or ioniza- 
tion of atoms and molecules. The energy losses in this kind of collisions 
are Called ionization losses, to distinguish them from radiation losses which 
are connected with the generation of bremsstrahlung in inelastic collisions 
of charged particles with electrons; 

2) inelastic collisions with nuclei, leading to the production of brems- 
strahlung quanta, to the excitation of nuclear levels, or to nuclear reac- 
tions; 

3) elastic collisions with nuclei (or with whole atoms), in which part of 
the kinetic energy of the incident particle is transferred to the recoil atoms; 
in this case the total kinetic energy of the colliding particles remains un- 
changed; 

4) elastic collisions with bound electrons; 

9) the Vavilov-Cerenkov effect, i.e., emission of light by particles pass- 
ing through matter with a velocity exceeding the phase velocity of light waves 
in the given medium, 

The nature of these processes and their relative importance in reducing 
the intensity of particle beams and in stopping them depend on the mass of 
the charged particles and on their velocities. In this connection, when 
problems connected with the passage of particles through matter are con- 
sidered, heavy charged particles and electrons (positrons) are dealt with 
separately. 

In this context heavy particles are particles whose n:ass exceeds the 
electron mass by a large factor (mesons, protons, deuterons, alpha-par- 
ticles, etc.). 

Inelastic collisions with nuclei and elastic collisions with electrons are 
relatively unimportant in reducing the intensity of a beam of heavy charged 
particles as compared to inelastic ionization collisions with electrons and 
elastic collisions with nuclei (atoms) of the retarding medium”, In turn, 
the importance of electronic and atomic collisions in reducing the intensity 


* For a proton energy 2 10% ev and a -meson energy © 1022 ev inelastic nuclear interactions begin to 
be of major importance (see § 3). 


of a beam of heavy charged particles and in their retarding depends both on 
their charge and on their velocity. 
Two extreme cases should be distinguished: when the incident particles 


have a small charge (z~1) and a high velocity (v > 2) and, conversely, a 


t 


large charge (Z>>1) and a "low" velocity (a < <3). Here 2 is the effective 


charge (taking into account the electron screening) of the incident particles, 
and Zis the effective charge of the nuclei of the retarding medium; c is the 
velocity of light. 

In the first case, the theoretical description of particle retardation was 
successful and anticipated the results of experimental investigations (§ 4—6). 
For fast particles of small charge, the energy is lost mainly in small amounts 
during inelastic collisions with electrons. The effective charge of the par- 
ticle remains unchanged along a large section of its path, at least as long as 
the velocity of the particle considerably exceeds the velocity of the electrons 
in its K-shell. Owing to the large difference inmasses, the heavy particle K— 
hardly deviates from its initial direction during collisions with electrons. 
Particles of the same energy proceed until they are stopped practically along 
their initial path. This is clearly illustrated by photographs of tracks of 
alpha-particles and protons in a cloud chamber or in a photoemulsion. 

When the velocity of the charged particles becomes comparable to that of 


the orbiting electrons (v ~ i), these become less effective in retarding the 


particles, This is taken into account in the theory by introducing corrections 
for the electron binding effect (§ 4). Finally, as the velocity decreases fur- 
ther, charge exchange, i.e., the process of capture and loss of electrons by 
particles, begins to be of importance (§ 7). At this stage of retardation, the 
effective charge of the particle continuously decreases, the rate of energy 
loss due to inelastic collisions with electrons also becomes smaller, and at 
the same time elastic collisions with atoms become more important (§ 2), 
Charge exchange is one of the possible ways of energy loss by incident par- 
ticles, since it is connected with the formation of ion pairs. When protons 
with an energy of ~25 kev pass through hydrogen, charge-exchange losses 
amount to 15—17% of the total energy losses /132/. Unfortunately, there 
is no satisfactory theory at present of charge exchange and energy loss of 
retarded charged particles. However, a large body experimental data are 
available (§ 5—7) which facilitate the formulation of some general char- 
acteristic features of this phenomenon. 

For charged particles of relativistic velocities the energy losses de- 
pendent on the spin of the particle have to be considered, as well as the in- 
fluence of the density of the retarding medium and its dielectric properties 
(§ 4). 

Only a smal] amount of energy is lost by fast charged particles in the 
Vavilov -Cerenkov radiation compared with ionization and other losses: this 
radiation, however, is very important in the high-energy range. The 
Vavilov-Cerenkov radiation is discussed in § 9. 

For highly charged slow particles, charge exchange processes are im- 
portant. As the velocity of the particle decreases, the effective charge and 
the ionization energy losses rapidly decrease, which is also observed in the 
final range of particles of small charge (protons, alpha-particles). At the 
same time, the neutralization of the particles and the decrease in their 


velocity lead to the increasing importance of elastic collisions. At some 
stage of the retardation, the ionization produced by the recoil atoms may 
constitute a considerable fraction of the total ionization produced by a slow 
heavy particle. Most of the data on the passage of Slow highly charged par- 
ticles through matter is of an empirical nature (§ 7). 

This chapter deals mainly with the theoretical and experimental aspects 
of the energy losses associated with the passage of particles through matter, 
with the relations between the range and the energy of heavy charged par- 
ticles in various media, and with relations between the energy loss and the 
ionization. Information of this kind is important in the design and set-up of 
a wide range of experimental investigations, as well as in the interpreta- 
tion of their results. For example, the characteristics of recording and 
analyzing devices used in nuclear and atomic physics are determined in the 
last analysis by the nature of the interaction of the charged particles with 
the substance constituting the sensitive volume of the detector. Many 
methods of physical investigation {see, for example, § 10) are connected 
with phenomena observed when particles pass through matter. 

The study of the interaction of particles with matter is also significant 
in understanding the physical and chemical changes occurring in the retard- 
ing layer due to radiation. 

Interaction cross section. The probability of an interaction is character- 
ized by the concept of the cross section. It is defined as follows: 

Suppose a particle with an energy £& passes through a substance of thick- 
ness @x, containing ninteraction centers (atoms, nuclei or electrons) per 
lcm*. Then o(£)ndxis the probability that an interaction occurs between 
the incident particle and a particle of the substance. The quantity o(£) is 
called the effective interaction cross section, and, according to the defini- 
tion, it is numerically equal to the probability that an interaction occurs 
when one particle passes through a target containing one interaction center 
per 1 cm?, The cross section has the dimension of area. 

If N particles with an energy & pass through a target containing adx cen- 
ters, then a fraction dN of the particies undergo interaction (dN interac- 
tions occur). We have then 


dN = o(E)Nndx. (1.1) 


The differential cross section ¢(£,Q8,¢) determines the number of inter- 
actions of a particle with a target containing one center per 1 cm’, These 
events are accompanied by an energy change from Q to Q+ dQ and a deflec- 


tion of the incident particle in the solid angle from @ to 2+ d&, so that 


dN == o(E, Q, 8, ) NadxdQag, (1.2) 


where 
d2 = sin $d8 do 


is the solid-angle element in spherical coordinates (r,%,9). 


§ 2. Elastic collisions and energy transfer in elastic 
scattering of particles by nuclei (atoms) 


The kinematics of elastic collisions (non-relativistic case). Let us 
consider the most frequently encountered case of an elastic collision of 


two free particles, one, with the mass m,, was Stationary before the colli- 
sion, and the other, with the mass m,, had the velocity y in the laboratory 
system of coordinates (LS) before the collision. As a result of the colli- 
sion the particles acquire the velocities o, and @%3, flying away at the angles 
§, and 8, to the direction of the vector gv (Figure 1). The velocities of the 
particles after the collision can be easily determined using the laws of con- 
servation of energy and momentum. In the non-relativistic approximation 


(B == —<« 1, where cis the velocity of light), the corresponding calculations 


FIGURE 1. Collision of two particles 


lead to the following expressions: 


om T ma\t on sin 93 
M1 a me | cose + / (=) —sin’9,| ee “sin + 9) 


2 
v%=V (2a or ) cosd,. 


(2,1) 


For m,<m, both the positive and the negative sign before the square 
root in the first of expressions (2.1), are permitted; for m3<m, the posi- 
tive sign is taken, It can also be shown that for m,>™m, the deflection angles 
of the colliding particles cannot exceed 


oi max™ arc sin (=). 


— m, \'? 
Sona arc sin (2 =") 
For example, in the elastic scattering of alpha-particles by hydrogen, the 
particles cannot be deflected from their initial direction by an angle larger 
than 14°30'. The relation between the kinetic energies of the particles be- 
fore and after the collision is given by 


T; =T (— 1) jcos 8 + V (m) — sin, [= raat +35) | 
(2,2) 


7 4m, ms sin? . 
Ty = QST Gat mar C08 8s = T | aa | 


In a head-on collision (% = 0) the stationary particle receives the maxi- 

mum energy, which is equal to 
To = a= ‘atar aa 

Thus, forexample, in the elastic head-on collision of a neutron with a 
proton, the neutron is completely stopped, and the energy of the recoil 
proton is equal to the initial energy of the neutron. In the elastic scatter- 
ing of neutrons by deuterium and carbon, the maximum energy of the re- 
coil nuclei is respectively 89% and 28% of the energy of the scattered neu- 
trons. Thus, light elements are effective neutron moderators, a fact 
which is widely applied in nuclear physics and engineering. 

Let us consider an elastic collision in a system of coordinates in which 
the center of mass of the colliding particles is stationary (center of mass 
system, CMS). 


FIGURE 2, Velocity diagram of the particles in 
an elastic collision 


In CMS the interacting particles have zero, total momentum, so that 
the velocities of the particles are inversely proportional to their mass. 

Prior to collision, the particle with the mass m, moves towards the 
center of mass Cof the system (Figure 2) with a velocity 


and the particle with the mass m, moves towards the center of mass in 
the opposite direction with the velocity 


2c re Il) + Pte Io 
Here and in the following » represenis the reduced mass of a system of 


articles 
p ; ae 


po hy - Mme ; (2.4) 


According to the conservation laws, the velocities (momenta) of the 
particles in CMS after collision are unchanged in magnitude and oppositely 
directed. The result of an elastic collision of particlesinCMsS is rotation 
of the direction of all the velocities by the same angle @ (Figure 2), which 
is called the scattering angle in CMS. 

The result of any interaction of particles is determined by the energy 
of their relative motion in CMS, which is equal to 


: } 
LoS ag | a eee (2:5) 


wn 


According to (2.5), for example, in the scattering of alpha-particles by 
gold the collision energy in CMS amounts to 98% of the collision energy in 
LS, and in the scattering by LI® atoms to 60% only. 

The relation between the scattering angles in LS and CMS can be derived 
from Figure 2. It is seen that @ and % are the vector sums of the veloci- 
ties of the corresponding particles in CMS (after the collision) and of the 
velocity of the center of mass in LS. 

The scattering angles in CMS and LS are related in the following manner: 


tg, = Uct(U—% )cos 8 ~~ k+cos 8 ’ (2.6) 
8, = + (x— 8), (2,7) 
sin(® — 8,) = & sin §,; (2.8) 
where 
m 
= 


The following general conclusions can be drawn from the above ex- 
pressions. 
When &<1, or m,<m,, the angle §, increases continuously from 0 tox 


as @ increases from 0 ton. Here 9, >, and (8,+8,) > > . In the limiting 
case of my <m,, §,~0 and 8, $0,248. 
For collisions between identical particles (& = 1) 


§, - > and $+, = 
i.e., the angle of divergence of the particles after the collision in LS is 
equal to = and no back scattering occurs. If @varies from 0 to, then 
§, also varies from 0 to >: 
For m,>m,(k>1) 
8, << and 8 +8,<-4- 


In this case, the angle §, increases from 0 to the maximum value of 
I ; 
are sin (+)<+ as @ increases from Oto are cos (=F): with a further in- 


crease in @, 8 decreases reaching zero for 0=km. 
The magnitudes of U,and v,in LS are related to the scattering angle 8 


in the following way: 
V m? + mi + 2m, ms cos @ 

— 2m 8 

“a> amy oe 


The second of expressions (2.2), giving the energy transferred in the 
collision, can be written, according to (2.3) and (2.7), in the form 


Q= Q,,, sin? +. (2.10) 


Expression (2.10) can also be applied in the relativistic case, if the ap- 
propriate value of Q.,, is used (see below). 

The kinematic relations given here and in the following part of this sec - 
tion are based on the application of the conservation laws. No assumptions 
are made concerning the nature of the deflection forces acting on the parti- 
cles in the collision. However, to determine the scattering angle in a single 
event or the distribution of particles over the scattering angles, it is neces- 
Sary to solve the equations of motiun of the particles using the actual law of 
interaction. 

Kinematics of elastic collisions of relativistic particles. The scattering 
of a relativistic particle with a rest mass m, and an energy E=7+m,c? ona 
stationary particle with a rest mass m,is given by the following kinematic 
relations /13, 65/: 


_ Mo (E? — mn c*) 
Te ae m,c3+ mc? +-2m2E 
E* — m? 4 
=a i (1 — cos ) 
mye + myo +2m,& 


(1—cos 8) 
(2.11) 
E,= me + 


whence 
Omg (E? — m? c*) 
Catt ol) Pym, E 
? ; (2.12) 


pore ca Qa — 


Timin (m, — my 
2 
my + ms + Mg 


E,and E3are the total energies (including the rest mass) of the particles 
after the collision in LS; @is the scattering angle in CMS. 

According to (2.12), a fast relativistic particle may transfer a consider- 
able fraction of its initial energy to the particle it collides with both when 
m,>> Mm2,and when m, <m, (it follows from the preceding formulas of non- 
relativistic mechanics that for these mass ratios in the non-relativistic 
case the incident particle transfers a negligible fraction of the initial 
energy). For m,>>m, it is necessary that 


2 
me 

EX, 
and for m,<m, 

E> in,c*, 

The deflection angles of the particles after the collision in LS are given 

by the expressions 
E, (E+m, ¢*) - Em, cm mi ra 


fice 

cos 9, mae be ies 
Bae (E+ at?) (Ex — mpc?) 

Oto 


where p is the momentum of the incident particle, p, and p,are the mo- 
menta of the particles after the collisionin LS. Then 


(2.14) 


A = (214) 
E m 
ye a IBY et (2.15) 


As in the non-relativistic case, for m,>m, the scattering angle of the 
incident particle cannot exceed 


p—— + lds 
8 max == are sin mi 


If the parameter QeT, (the energy transferred in the collision) is ap- 
plied, then the deflection angles in LS satisfy the relations 


_ E* — nm? — Q(E + m,c’) 
SY (t= ak 4) [((E— Q) — mi cf 
, (2.16) 


cos § 


Q(E + mec?) 


0 ee Eee 
C 2 V (e— m 4) [me ce + Q’) ae me c‘] 


When the masses of the colliding particles are equal (m, == m, = m) we have 


9 eee 
gd, = E+met E—Q—me2 
(2.17) 
“Ome? E—Q—met 
tee. = / te rey: aca 
and 


Motion in a central Coulomb field. The resolution of the motion of a 
system of two particles into the motion of the center of mass and motion 
relative to the center of mass simplifies the two-body problem to the prob- 
lem of motion of a single particle with a mass p» (reduced mass) in a poten- 
tial field U(r), which is symmetric with respect to a stationary center of 
force. A field in which the potential energy depends only on the distance to 
some fixed point is called central. For examole, the description of collid- 
ing particles with charges Z2,e€and Z,€,whose interaction obeys Coulomb's 
law reduces to the solution of the motion of a particle with a mass pina 
central force field with the potential 


U(r r) roa “fe. (2.19) 


The corresponding calculations ~ /62/) show that the trajectory of 
such a particle is a hyperbola whose focus is at the center of mass. It is 
symmetric with respect to the straight line connecting the center of mass 
C with the point on the trajectory nearest to it (Figure 3). The angle 9 be- 
tween this line and the asymptotes to the trajectory can be determined from 
the laws of conservation of energy and angular momentum in polar coordi- 
nates (r, 9): 


to] 
ary 
Po = yay yr" , 
(-rm 
¢ 


T mia 


where P is the impact parameter, i.e., the distance from the center which 
the particle would reach in the absence of the force field: 
‘min 1S the minimum distance of the particle from the center of mags: 
T, is the energy of the relative motion of the particles in CMS given 
by expression (2.5). 
From Figure 3 the angles ?o and @ are related by 


@ =|x—29,]. (2,20) 


Integration of the expression for 0 using (2.19) and (2.20) leads to an ex- 
pression connecting the scattering angle @ with the impact parameter p* 


FIGURE 3. Trajectory of a particle in 
# central force field - 


Here 6 is the distance of closest approach of the particles in a head-on 
collision (p =0), | 
2127? 2,220? : 


Cross section for particle scattering in a Coulomb field. Suppose a 
beam of particles with uniform velocity 7 falls on a scattering center. If 
N is the number of particles passing in one second through 1 cm? cross 
section of the beam, then the number of particles in the beam, having an 
impact parameter from ¢ to(p + dp),will be 


aN = N2npdp. 
The ratio 
dN 
ar = 2npdp 


is (see § 1) the differential cross section for collision with an impact para- 


meter P. 
Since a single-valued relation exists between the impact parameter and 


the scattering angle (see formula (2.21), we may introduce the concept of 


* This formula is only valid for non-relativistic perticles, For relativisuc veloeities and smali scatters 


angles we have 


@ — Ap 22,2207 (2.218) 
P vpp So" 


where 2 is-the momentum of the incident particle, und P is confined to distances at which the fiele 


is a pure Coulomb field. 


differential cross section for scattering at an anlge @ 
d 
do(@) = 2ep(8) 4|40 
or, expressing the cross section in terms of a solid-angle element dQ = 
= 2xsin @d6, we have : 
d, 
do(0) = £9, | 4 ae. 


Applying (2.21) and simplifying, we obtain an expression for the scattering 
cross section in a Coulomb field 


de = "cos S-cosec* “48 (2.23) 
or 
o (0) = =5-= = Fr cosect & = ec osect -- (2.24) 


6 
For 80> > the impact parameter ? <—- and the cross section for back 


scattering is equal to =. Therefore 6 is sometimes referred to as the 
impact diameter. 

Formula (2.24) is known as the Rutherford formula. A form convenient 
for practical calculations is 


295Z? z2 


op (8) = eee ee 


cosec* -mbarn/sterad. (2,24a) 


The relative magnitudes of the Rutherford scattering cross sections showing 
the variation of cross section with the angle are given in Table 1 (for —- =). 


The integral cross section for scattering at an angle exceeding Q, is 
given by 


BR 
16,2Z3 23 
one =| = oma oe ct gt mbarn (2.25) 


Thus the integral cross section for the scattering of 5 Mev protons by carbor 
at angles exceeding 10° (CMS) is equal to ~3 barn (3-107%4 cm?), and 527 
barn for scattering by gold. The corresponding probabilities for proton 
scattering at angles greater than 10° on passing 10y in graphite and in gold* 
are 4:10~* and 4.3-1073, respectively. 

If the mass m, of the incident particle is much smaller than the mass m, 
of the stationary scattering particle, then®@~®8,and 7, =T (the energy of the 
incident particle in LS). In this case, when calculating the scattering cross 
sections from (2,24) the values of 6 and 7 can be used instead of @ and 7. 

In the general case, scattering in LS is represented by the formula** 


* The mean range of 5 Mev protons in graphite is 180 microns, and in gold 61 microns (see § 4). 
°° This formula is sometimes referred to as Darwin's formula. 


10 


where de, = 2«s8in8,d, is the element of solid angle in LS. 

For m,<m,, the positive sign of the square root in (2.26) should be 
taken. If m,>~m,, the calculation for a given angle $, has to be performed 
for both the plus and the minus sign of the squareroot, and the results added. 
When the masses of the scattered and scattering particles are equal(m, = my) 


Z2 2? & cond 
6(%) =F Fare’ (2.27) 


If the scattered and the scattering particles are moreover identical, the 
quantum -mechanical exchange effect has to be taken into account. Then 


the scattering cross section in LS is determined by Mott's formula (see, 
for example, /71/: 


do  _ Ztecos%; 1 1 
o() = Se = eet tet 


(2,28) 


+2 1 QnZ ret 
~—T | aarrcaars cos ho In tg? | 


where f£ 1s Planck's constant; 


$ => is the scattering angle in LS. +2 is put in front of the square 
brackets if the particles have zero spin, and -—1 if their spin is 
1/2. 
The cross section for the scattering particles (the "recoil cross section") 
in LS can be easily obtained from (2,23) and (2.7): 


0 (82) = 95 = G75 woatt, (2.29) 


(dw, = 2zsin 9, d8,). 


In the following the relations between the scattering cross sections in 
LS and CMS, which are necessary for practical calculations, will be given. 
The number of particles scattered in an infinitesimal solid angle d@ in 
the direction 8 is equal to the number of particles scattered in the solid 

angle dw in the direction @: 


(0) dQ = 0 (8) dw (2.30) 


or 
in®\ de 
2(@) = (8) (iss) ae 
Using expression (2,8), we have 


2 (8) = (8,) (S23) cos (8 — 8), 


Similarly, from expressions (2.30) and (2.7) we obtain 


3 (8) =0(8,) (ine) 98" (2.31) 


When the masses of the scattered and the scattering particles are equal, 


a (8,) 
0(8) = 7558” 
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The relations between the scattering cross sections of relativistic parti- 
cles in LS and CMS are: 
o(8,) = 0(8) 1(1 + kcos 8) 


1— § 
0 (8;) = 0(8) saab ecets 


3 (8) =0(8,) 11 + kos 6) sin?d, (2.33) 


sin? 6 


| sin2 @ + 72(& + cos 8) te 
(2.32) 


d 


where y=(1— gz) and k= = ; 


Scattering cross section in a screened Coulomb field. If we neglect the 
exchange effect and the relativistic corrections, the results of the quantum- 
mechanical calculations of the scattering cross sections in a pure Coulomb 
field are the same as the preceding results calculated by the methods of 
classical mechanics (see, for example, /64, 71/). However, rigorously 
we have to take into consideration that the colliding particles are complex 
systems, consisting of nuclei of finite dimensions screened by electrons. 

In investigating the scattering of heavy charged particles of between 10° 
and 10’ ev, particularly for small-angle scattering, the deviation from a 
pure Coulomb field due to the electron screening of the nuclei has first to 
be taken into account. 

Usually, in screening problems the atom is replaced by a spherically- 
symmetric force field which coincides with the nuclear Coulomb field at 
small (atomic) distances and which falls off at large distances faster than 
the Coulomb field. 

The interaction potential in a screened Coulomb field can be represented, 
for example, by the expression 


U,., (7) = Ane exp (- - (2.34) 


where @ is the screening length, which for nuclear (atomic) collisions has 
the form /12/ 


1 
A= Oy)(Z 4+ Ziry"F ; (2.35) 


2, and Z,are the atomic numbers of the colliding particles; 

a, is the Bohr radius of the hydrogen atom (0.53 -10-8 cm). 

The classical calculations of scattering cross sections are only applic- 
able when the following two conditions are fulfilled /12, 71/: 


| 1) the de Broglie wavelength L=— of the incident particles is smaller 


than the characteristic dimensions of the region in which the scattering 
field varies appreciably; 

2) the product of the increment of the particle momentum in scattering 
and of the characteristic dimension of the region of scattering satisfies 
Heisenber g's uncertainty relation. 

In the case of zero screening (@ = oo), it is convenient to take = as the 


characteristic dimension; this is half the distance of closest approach ina 
head-on collision (see (2,22)). Then both requirements lead to the same 
condition 


nb 2eZ,Zse% 2,23 
= = Tr >1 (2.36) 


f 
2 


or 


0 < 2,27 Uy, (2.36a) 
where vis the velocity of the incident particle; 
— e722 8 ; 
uo = —— = 2.2 10°cm/sec is the orbital velocity of the electroninthe 


hydrogen atom. In this case, the scattering is given by the Rutherford 
formula for all scattering angles. 


If the screening cannot be neglected but is nevertheless weak, i.e., if 


t=a <1, (2.37) 


then the scattering is given by the Rutherford formula for all angles larger 
than a certain minimum angle 


. 8° = r (2.38) 
The value of this angle is determined by substituting the screening length @ 
for the impact parameter p in (2.21). 

For @<@,, the elastic nuclear collision cross section is smaller than 
that obtaining from the Rutherford formula. In other words, the screening 
is exhibited by a decrease in the scattering probability at small angles. 

In certain cases (see below), the scattering probability at angles 8< 8. is 
assumed equal to zero and the energy losses through collisions in which 
the incident particle is deflected by an angle 0< oe. are neglected. 

Using (2.22) and (2.35), the screening parameter may be expressed in 
terms of the constants of the colliding particles 


= Z, Z, (Z,° + Zi) (mE) rR (2.37a) 


The energy loss of the incident particle in elastic scattering at an angle 
@ = 8) is, according to expressions (2.3), (2.7) and (2.37a), 


‘_m Io y ols Ry 
Q, == (Z; + Zi) Z, 2, Fy (2.38a) 
Here 7 (Ry) is the energy of the incident particle in LS, expressed in 
Rydbergs: IRy = == 13.6 ev. 


Classical mechanics can also be applied for strong screening (€>1), but 
here, in addition to (2.36), the following condition must be satisfied 


ee (2.39) 
or 
a>> Een a. (2.39a) 


By virtue of Heisenberg's uncertainty relation, classical mechanics only 
applies to scattering at angles exceeding 


e.= Be as tip, 
min’ 92g a 


Table 1 gives the distances of closest approach /f,,,, the impact para- 
meter p, and the differential cross sections ¢,,, for scattering in a potential 


field (2.34), calculated by classical methods /236/. The case — = Qcor- 


responds to scattering in a pure Coulomb field (Rutherford scattering). 
Following /236/, we now consider the scattering of neon tons with an 
energy of = 100 kev by argon atoms. In this case p= 13.36 and T,= 67kev. 


d 
The reduced de Broglie wavelength 5 - = 3.32 -10-13, the screening length 


a@=1,56-10°-2 cm, and the impact diameter b= 3.40 -10-!° cm will be used. 
The condition for the validity of the concept of classical orbits (2.36) is 


6 
satisfied (a= 588); this is a case of moderate screening (~~ = 0.25). From 
Table 1 we see that for S= 0.250 the absolute values of the scattering 


cross sections for fairly large angles should be smaller than the scatter - 
ing cross sections in a pure Coulomb field. This is confirmed by experi- 
mental results. The points in Figure 4 give the measured differential cross 
sections for the scattering of neon ions with energies of 25, 50, and 100kev 


Att 


04 8 1216 Dw 2% 32340 04 86 2 6 2 24 283236 @ 


, degrees UY , degrees 
FIGURE 4. Experimental cross sections for the FIGURE 5. Experimental scattering cross sections 
scattering of neon ions by argon atoms /247/: of helium ions by helium: 
1] — T= 25 kev (b/a= 1.0); 2— T= 50 kev (b/a= 1— T= 25 kev (bja = 0.016); 2—- T= 50 kev (b/a = 
= 0.5); 3— T= 100 kev (a= 0.25), The curves =0,0078); 3— T= 100 kev (5/a= 0.0039). The 
are calculated according to /236/. curves were calculated fromthe Rutherford formula 
(2.27), 


by argon /247/. The solid lines in this figure were calculated (Table 1) 
for the corresponding values of 2. A satisfactory agreement between the 
experimental and calculated data for scattering at relatively small angles 
($8, <20°)is obtained. For large scattering angles, the experimental cross 
sections are smaller than the theoretical ones (taking screening into ac- 
count), which in the authors' opinion is connected with the nonelastic char- 
acter of the collisions (multiple ionization, charge exchange, see § 7) and 
with the poor choice of the screening field potential. 


For 2 xt (see, for example, Figure 4), a small difference was ob- 


served between the theoretical and the experimental cross sections in the 
entire range of angles investigated (4—40°). However, for very small 
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values of the parameter —, the scattering, as was also to be expected, 


was practicaily identical to the Rutherford scattering. This is illustrated 
by Figure 5 /247/, which gives the experimental cross sections for the 


scattering of Het ions by helium for energies of 25 kev (> = 0.016}, 
50 kev (= 0.0078 ), and 100 kev (+ == 0.0039 ). The solid curves were 


Calculated from formula (2,27). 
O.B. Firsov has shown /114/ that for interatomic distances of <1078cm, 
the atomic interaction is better represented by the potential 


V(r) = Arey (i+ 235], (2.40) 


where X is the Thomas-Fermi Screening function (its values are tabulated, 
e.g., in /35, 62/); 

ay¢= 0.885° @g= 4.68: 10°® cmis the characteristic dimension of the 
atom in the Thomas-Fermi (TF) model. 

Using the potential (2.40), Firsov calculated the impact parameters and 
differential scattering cross sections in atomic collisions /112, 113/. The 
results are given as functions of the dimensionless energy and impact para- 
meters, which are defined as follows: 


€ == Te Ste = Tc (ev) 
Too! tag eee Peni sept NS Pas Co ge ee pag eB 
Z, Zy (Zyo+ 25")'hes Z, Z,(Z)% + Z,*)".30.4 
r = CARS zyyh 2 = (z,/ + Zp)" p (cm) 
OTF 4.68-107° 


where T, is the collision energy in CMS; 
9 is the impact parameter. 

Table 2 gives the dependence of the reduced impact parameter on ® 
(the scattering angle in CMS) and on e(the reduced energy). For the 
calculation of the scattering cross sections the data of Table 2 should be 
used and the known relations (see above): 


edp ate p’ dp’ 
7(6) =n ede (22+ Z/)"* sin 648 
@ 2 Rg ° (2.4) ) 
a 
o® = al (1 — COs @) pdp == 7 Terran sin Q@d@ 
1 2 


For € 20.02, a good approximation is 


hk \2 
0.62 Ty (x) 


2 +2 of 
Te me4 Zi Zo (Z,/* + Z{*) ly 


The data of Tables 1 and 2 are applicable for experiments on collisions 
of heavy atoms inthe range of 1—100 kev, for investigations on the pene- 
tration depth of ions in solid targets, etc. These data can also be used for 
the description of inelastic collisions, if only the inelastic energy losses 
are small as compared with the collision energy. In this case, the kinema- 
tics of inelastic processes are essentially similar to those of elastic col- 
lisions. 
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An analysis of experimental data on the scattering cross sections of 
heavy ions with energies of tens of kev /55, 56, 220, 247/ shows /112/ 
that calculations based on the Thomas-Fermi screening function (Table 2) 
are in better agreement with the experimental data than those using an ex- 
ponential screening function (Table 1). Potential (2.34) is quite different 


TABLE 2 


Calculated values of p’ for scattering in a potential field (2.40), according to Firsov /112, 113/ 


€ 
0.02 8.8} 6.7} 5.6] 4.2] 2.8] 1.8] 1,0 ~ 
0,03 7.4] 5.8] 4.6] 3.5} 2.3] 1.5] 0,8 1,3 a 
0,05 6.0) 46) 3.8]; 2.9] 1.9] 1.2] 0.65 1,0 (<—9) 
: 0.45 a 
0.05<«<1 = (5— 0) | ee y =|? 
] 1.45 | 1,00 | 0.76 | 0.55 | 0,34 | 0.21 | 0.11 | 0,18 (x—9) 
1.5 1.10 | 0,78 | 0.58 | 0.41 | 0.25 } 0.15 | 0,08 | 0.12 (-§} 
2 1,90 | 0.63 | 0.47 | 0,33 | 0.19 | 0,12 | 0.06] 0.09 aah 
3 0,72 | 0.47 | 0,33 | 0,23 | 0.15 | 0.09 | 0.045} 0,07 (x—9) 
4 0.60 ; 0.37 | 0,26 | 0.18 | 0.11 | 0.07 | 0.035; 0,053 (x—~—8) 
3 0.50 | 0.30 | 0.23 | 0.15 | 0.093] 0.060; 0.030) 0,045 (.~3) 
7 0.36 | 0.23 | 0,17 | 0,12 | 0.07 | 0,042) 0.022} 0,033 (x—9) 
10 0,28 | 0.18 | O.11 | 0.087! 0.050) 0,029] 0.016) 0,024 (x—8) 


—— 
— 
e 


from potential (2.40)for x>1 andyieldstoolow values. This sometimes leads 
(see below) to low calculated values of the impact parameters and of the 
scattering cross sections for relatively large angles, when the potential, 
and not only its derivative, are important. The smaller value of the poten- 
tial (2.34) is partly compensated by the larger value of its derivative /112/. 

The data in Table 3 facilitate the comparison of the experimental values 
of the impact parameter in collisions of Net ions and neon atoms /247/ with 
the theoretical values calculated from the Thomas-Fermi screening function. 
The agreement in the whole range of angles and energies investigated is 
quite satisfactory. The theoretical values of p’ calculated according to 
Everhardt (Table 1) are smaller than the experimental values Py, and they 
increase more slowly than p.,, with decreasing @. 


If condition (2.37) for weak screening is fulfilled, but 3 <lor u>Z,ZzU,, 


then the calculation of the scattering cross sections in the screened field 
should be performed by quantum-mechanical methods. The general solu- 


tion is very complicated, but when the condition ~ <1 is satisfied, or 
when 


oan 2a Z, Zp et? ae 212; 
a= = ti <I (2.42) 


the problem of scattering in a weakly screened Coulomb field can be solved 
in the Born approximation, which corresponds to the case of a small per- 
turbation of the plane wave representing the incident particle. 
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TABLE 3 


Experimental /247/ and theoretical /112/ values of the impact parameter in the scattering of Ne+ 
ions by neon atoms 


a 


Kinetic 

energy 8, radians | 0.07 0.14 | 0.21 | 0.28 0.42 | 0.86 | 0.70 

(kev) and 

energy §, degrees | 24 | 28 

parameter 

T=25 1 pexp CM! 3.7 | 2.8 | 23 | 1.57] 1.27 | 1.15 | 0.94 |] 0.77 | 0.70 

e=1,2 Pexp | 2.8 | 2.0 | 1.68 | 1.14 | 0.91 | 0.76 | 0.68 | 0.56 | 0.51 
Prheor | 3.05 | 2.15 | 1.73 | 1.15 | 1.05 | 0.75 | 0.68 | 0.58 | 0.5! 

T=30 1M pexp ecm| 2.7 | 1.79 | 1.35 | 1,09 | 0.81 | 0.62 | 0.51 | 0.43 | 0.37 

c=2.4 exp 1,98 | 1.31 | 0.99 | 0.80 | 0.59 | 0.45 | 0.38 | 0,32 | 0.27 
Pheor | 2.2 | 2.2 | 1.10} 0,90 | 0.66 | 0.50 | 0.40 | 0.33 | 0.27 

T=100 — |10%p,,,, . cm] 1.9} 1.19 | 0.87 | 0.70 | 0.47 | 0.36 | 0.30 | 0.25 | 0.22 

t= 4,8 Pexp 1.40 | 0.87 | 0.63 | 0.51 | 0.34 | 0.26 | 0.22 | 0.18 | 0.16 
Prheor | 1.45 | 0.95 | 0.70 | 0.56 | 0.39 | 0.29 | 0.24 | 0.20 | 0.16 

; 


For screening in potential field (2.34), the scattering amplitude in the 
Born approximation is given by the expression 


2 Z, Zs etm, (2%)? ) 
iP (0) = ee =p oe 
At} g?+ | | 1+ ———— 
(=) te =) 


where ‘ ; ‘ 
x 
g=2ksin (=) = () sin 7 


f, (8) is the Rutherford scattering amplitude. 

Consequently, in this case the differential scattering cross section ina 
screened Coulomb field is connected with the scattering cross section in an 
unscreened field (Rutherford cross section) by 


—2 
d 2 
a, (8) =0,(8)] 1+ (seam =) | (2,43) 
Ra sin > 
The integral cross section will be small compared with za? for all values 
of the screening length a. It follows from (2.43) that for _ <<a there 


exists a range of angles where the scattering cross section is practically 
equal to the Rutherford cross section, Gy = op. The boundary of this range 
is determined by the screening angle 


Or ox - +. (2.44) 
For ~a this cross section differs from Rutherford's for all the scat- 


tering angles. 
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Moliere /388/ showed that a more general expression for the scatter- 
ing cross section of fast charged particles in a screened Coulomb field 
can be obtained by the quasi-classical Wentzel-Kramers-Brillou method in 
/509/. In order to take screening into account, the author used an electror 
distribution according to the Thomas-Fermi atomic model, i.e., instead of 
(2.34) she used the more accurate expression (2.40). The results of 
Moliere's calculations are summarized in the following. 


FIGURE 6. Dependence of the screening function 
according to Moliere /389/ onthe scattering angle 
for various values of the parameter a 


For a wide range of variation of the parameter a and for ¢(8)>0.9 


om (9) 8.85 


0.00072 6+ 
q (8) = Gp (8) I= e7apr |! He 2.908 tog ( . 


2 
0.134 > + at} es 


where g(@) is Moliere's screening function. 
The quantity 
d Af2« 


8, = a re en 
0 2arre 0.885 ay Z, (2.44a) 


is the ratio of the reduced wavelength of the incident particle to the charac- 
teristic dimension of the atom in the Thomas-Fermi model. In the other 
cases, the variation of the screening function is established by the inter- 
polation formula 


@,=98,(A, +B, 2)", 


where 8, is the angle at which the scattering function assumes a given 
value 9g. 

The values of the coefficients A, and B, are tabulated in Moliere's work 
/388/. The dependence of g on @/@, calculated by the interpolation formula 
is represented by the dashed curves in Figure 6. We note that @, is almost 
exactly equal to the screening angle e- in (2.44), corresponding to the first 
Born approximation and to a potential (2.34). The more accurate value of 
the screening angle @, according to Moliere, which includes corrections of 
the calculations in the first Born approximation, is given by 


Q? = O85 [1.13 + 3.76 af. (2.45) 
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Moliere assumed the screening angle (2.45) to be valid for large varia- 
tions of the parameter a, However, in a recent work Nigam et al. /404/ 
have shown that the applicability of Moliere's calculations is practically 
limited by condition (2.42). The actual relation between 8? ana 8%, taking 
into account the exact relativistic expression for the cross section of single 


scattering /229/ and terms of the order of «2 is given by a more complicated 
expression 


0, = 0, {1 +4286, (co In 5+ OF + 1ep (2,45a) 


where @, is determined by (2.44a) taking the Thomas-Fermi potential (2.40) 


and is equal toR 


Jerce for the potential (2.34) (kis a factor of the order of 
unity). 

Until now, we only consider collisions in which a considerable overlap- 
ping of the electronic shells of the colliding particles is observed and the 


outer electrons do not affect the interaction potential. 


If > a, or when the kinetic energy of the particle is lower than the 
interaction potential of the nuclei separated by the screening length, hard- 
sphere collisions occur. The upper limit of the energy at which this ap- 
proximation is applicable taking the potential (2.34) can be given roughly 
by the expression 


T = (2Ry) Z,Z, (2Z;° + 23)" meme, (2.46) 


According to the laws of hard-sphere collisions scattering in CMS has 
s pherically symmetric angular distribution 


2 
do(®) =—>— sin 6d0 = =-dQ, (2,47) 


where 0 =xa ' is the integral scattering cross section; 
a’ is the diameter of the effective sphere, being of the same 
order of magnitude as the screening length a. 
The corresponding expression for the scattering cross section in LS 
can be obtained by (2.6). 
For m,<imy, 


2 
mi 
da(®,) : ia” ahi (2.47a) 
a mt 2 ‘ a 
6(8,) ==" = 2 cos §-+ 7—7 7 fi 


d 47 ‘2 |? 
7 }— “1 sin2, 
me 


Pics 1+ (mi /m3) cos 24, 
——— enn o 
2 [1 (mj/m3) sin*®, | Is 


for m,> Mes 


o(8,) = (2.47b) 


Let us now summarize, 

In the case of weak screening (§<1), the problems of scattering of heavy 
charged particles by atoms can be solved by classical methods or by the 
Born method. Fora~1, both methods give the same results. In al] cases 
the scattering is identical to Rutherford scattering in a wide range of angles. 

If the screening is strong (€> 1), the scattering differs from Rutherford 
scattering at all angles. However, as was shown above, in this case 


(for example, when condition (2.39) is fulfilled), the collisions may often 
be described by classical mechanics, and for §>1they approach the hard- 
sphere collisions. 

In special cases when both the classical theory and the quantum- 
mechanical perturbation theory are inapplicable, a more accurate quantum- 
mechanical scattering formula and a corresponding method of calculation 
have to be used; see, for example, references /12, 16, 17, 62, 401/. 

Elastic scattering of high-energy charged particles. Deviations from 
Rutherford formula due to nuclear force fields. Let us consider some ex- 
perimental results on the elastic scattering of high energy a-particles 
(T > 10 Mev) which show deviations from the cross sections determined by 
the Rutherford formula*, Analysis of these deviations provides informa- 
tion on the radii of the scattering nuclei and a-particles, as well as on the 
interaction potential of a-particles with nuclei in the non-Coulombian range. 
For these investigations faster a-particles are required than those from 
natural radioactive sources (T=4—9 Mev). Therefore, although early ob- 
servations of deviations from the Rutherford formula were made in the 
scattering on light nuclei, a systematic investigation became possible only 
with the appearance of high-energy accelerators. 
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Scattering Cross section, relative units 
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FIGURE 7, Energy dependence of the cross FIGURE 8. Angular dependence of the dif- 
sections of elastic scattering of e-particles ferential cross section of elastic scattering of 
by tantalum for @= 60° /267/; @-particles by gold for 7=22Mev, measured 


T, is the critical energy; Ty, is the energy and calculated by the Rutherford formula 


at which the experimental scattering cross 
section is 1/4 of the theoretical value cal- 
culated for a pure Coulomb field 


* These deviations, or so-called anomalies, are also observed in the elastic scattering of high-energy 
protons, deuterons and twitons /27, 61, 224, 280/. However, the anomalous scattering of a-particles 
is of greatest interest. Since a-particles have no spin, an unambiguous analysis is possible, as spin- 
orbital forces may be neglected. A complete review of the investigations of elastic scattering of fast 
a-particles by nuclei is contained in Eisberg and Porter. — Rev. Mod. Phys. , Vol. 33:190, 1961. 
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Up to the present the scattering of 10—40 Mev a-particles by heavy and 
light elements has been studied in some detail. The main results of the 
experim.ental investigations (see for example, /257, 
357, 280, 205, 60, 315/) can be formulated as 


follows: 
t0F 1} The energy dependence of the scattering cross 
(0 , section of a-particles by heavy nuclei (silver, gold, 
, lead) for a fixed scattering angle follows expression 


(2.29) up to some critical energy T,. For example, 
in the scattering of a-particles by gold at an angle 
of @= 60°, T,= 27 Mev /257/. As the energy is 
further increased, a rapid (almost exponential) fall- 
off in the scattering cross sections is observed, and 
the absolute values of the cross sections are much 
smaller than the Rutherford cross sections (see, 
for example, Figure 7). The critical energy T, in- 
creases with the charge of the scattering nuclei and 
with the scattering angle. 

2) The angular distribution of elastically scat- 
‘ered a-particles for a given energy follows the 
Rutherford formula up to some critical angle 8,; 
then the measured scattering cross section falls 
rapidly and becomes much smaller than the Ruther- 
ford cross section, One of the experimental angu- 
lar distributions is shown in Figure 8. 

000150 0 3) The angular distribution of a-particles in 

@ degree elastic scattering by light and medium nuclei (carbon, 
aluminum, magnesium) has a pronounced oscillatory 
character (presence of maxima and minima), which 


FIGURE 9, Angular depend- 
ence of the ratio of the ex- 


perimental to the Coulomb varies for different scattering elements (Figure 9) 

scattering cross sections of and for different energies. 

40,2Mev a-particles on vari- When fast a-particles are scattered by heavy 
ous nuclei nuclei, the condition (A/2m) << R,, is satisfied, and 


therefore the basic features of the angular and 
energy distributions in elastic scattering can be explained by the semi- 
classical theory (see, for example, /9, 206/), according to which the di- 
emergent é/-partial wave disappears, if the distance of closest ap- 
proach for the corresponding classical trajectory is smaller than the sum 
of the radii of the nucleus and of the a-particle. In all other cases there is a 
phase which is characteristic of pure Coulomb scattering. In this theory, 
the classical distance of closest approach corresponding to the energy at 
which the experimental cross section is 1/4 of the Rutherford cross section 
(see Figure 7) is equal to the sum of the radii of the nucleus and of the 
a-particle. An analysis of the experimental data based on this theory 
provided the following expression for the interaction radius /357/: 


R=, AX +4, 


where 


r, = (1.414+0.042)-107? cm, 


b = (2.19+0.20)-107-" cm. 
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The nuclear radius obtained from such measurements is the distance 
at which an a-particle begins to ‘feel’ the tail of the nuclear potential, i.e 
it is considerably larger than the so-called "electron" radius of the nucleus, 
determined from experiments on the scattering of electrons (§ 12) or on 
transitions in mesoatoms. 

A more rigorous analysis of the same experimental data on the elastic 
scattering of charged particles based on the optical model (see, for ex- 
ample, /314/) provides data on the interaction radius, as well as on the 
parameters of the interaction potential in question, and also explains the 
features of the angular distribution of a-particles elastically scattered on 
light nuclei. However, a much simpler method is based on an analogy with 
diffraction of light on a sphere, whence the radius of the nuclear interaction 
may be determined. In this method a comparison is made between the 
maxima and minima on the e:cperimental curve and the zeros of the function 


Js i9R) = f, (2k R sin 8/2), 


where & and qg are the wave numbers of the a-particle and of the recoil 
nucleus; 

R is the interaction radius: 

J; is the spherical Bessel function. 

An even simpler method consists of the determination of the differences 
of the quantity gR for neighboring maxima (minima) of the experimental 
curve. These differences satisfy the empirical relation 


A(gR) = 2kRA(sin-~-) =n. 


Effective cross section for the energy loss in elastic scattering. The 
energy Q acquired in elastic scattering by the scattering particle (recoil 
energy) is equal to the energy lost by the scattered particle, It is deter- 
mined by expression (2.2) or, when using (2.5) and (2.7), by the relation 


Q= 4 (= 1) T2 sin? ° 
Expressing sin + in terms of Q and substituting it in formula (2.23), we 
obtain the expression 
do, = Boe’ (2.48) 


determining the effective scattering cross section as a function of the 
energy loss Qof the scattered particle. 


8, denotes here 
272 6 2 
B= IGS (4) =2n ZiZe. (2,49) 
a T Mo Ms, U3 : 
It follows from (2.49) that the cross section for energy transfer decreases 
rapidly with the increase of transferred energy, 
The integral cross section for collisions with energy transfer between 


Q, and Q, is 
L i] 
ao ie %) 220) 


where Q, <Q,,,, aS defined by (2.3), and Q,>Q;(Q:). The quantity Q, of 
the energy transferred at the limiting screening angle 9; or @, is calcu- 
lated from (2.38) or (2.44), Q,; is determined, for example, by (2.38a). 


24 


In spherically-symmetric scattering (hard-sphere collisions) all energy 
transfers from 0 to Q,,, are equally probable. In this case 


‘ dQ 
dom na if coset ’ (2.51) 


where a’ is of the order of the screening length. 


Energy losses in elastic nuclear collisions. The mean energy loss for 
unit path length is given by 


dF 
~ =" (2 dc, (2.52) 


where a is the number of scattering particles per 1 cm? of the retarding 
medium ; 
Q is the energy transferred in a single collision; 
do is the cross section for collisions accompanied by energy transfer Q, 
If we assume that the number of collisions per unit path length is given. 
‘by the Poisson distribution about the mean value, which corresponds to the 


mean energy losses dF determined by (2.52), then the mean square deviation 
of the energy losses 


can be claculated /12/ by 
of = ndx ( Qdo. (2.53) 


As was mentioned above, the condition of weak screening is usually ful- 
filled for fast particles; for most angles the scattering cross sections are 
determined by (2.48). Substituting (2.48) in (2.52) and (2.53) and neglecting 
the energy losses in collisions withQ< Q; (Q7)we obtain 


dE Qmax 
( dx ) = nBaIn Qo" (2.54) 
o, = nB,Q,,, AX. (2.55) 


Using expressions (2.10), (2.38) and (2,42) we have 


Q max 2\?__ (4)? 
G, =(a) =(7} fora>l, 


es (2.56) 
Cias 27 Pe 4na\? : 
Qs = (aes =(E) tor me Kl. 


When the condition of weak screening (2.37) is fulfilled, these quantities are 
always much greater than 1. For example, in the collision of a 1 Mev 
Qmax 


a-particle with aluminum, OF ~~ 10°; in the collision of a neon ion with an 


argon atom (T= 200 kev), saat ~250 and so on; therefore, the logarithm 


in (2.54) does not depend much on the velocity (energy) of the incident 
particle. 

Thus, the energy losses in elastic atomic (nuclear) collisions are ap- 
proximately proportional to the product of the squares of the charges of 
the colliding particles and inversely proportional to the squares of the 
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velocities of the incident particles and to the mass of the scattering particle. 
As the velocity decreases, when €=1, the argument of the logarithm in 
(2.54) becomes small; the dependence of the logarithmic term in (2.54) on 
the velocity should also be taken into account. The mean energy losses then 


vary more slowly than o”*. 


TABLE 4 


Mass stopping powers of some metals for helium ions due to nuclear® and electron*® collisions 


Ion 
energy, 
Mev 


dE) | 1/dEy, | 1/48) | 1/4E 
° a), P (a), ea), ? (as 7 
le 


kev-cm?/giMev-cm2/g] kev- cm?2/ g| Mev-cm3/g/k 


* Calculated by (2,54). 
** Experimental values /416/, 


For fast charged particles, when <1, the electron collisions (§ 4—S) 
are of greater importance in the energy loss than the atomic (nuclear) col- 
lisions. The latter affect the stopping mainly for relatively low velocities 
and large charges of the incident particles. 

Let us consider some examples. Table 4 gives the mass nuclear stop- 


: d : , 
ping powers —(= ,calculated for helium ions and various stopping materi- 


als from (2.54), The table also gives the experimental values of the mass 
stopping powers due to collisions with electrons (§ 5). The total mass stop- 
ping power is made up of the losses in both the nuclear and the electron 
collisions. It can be seen from the table that for helium ions with 

T 0.5 Mev even in heavy materials the nuclear collisions do not contribute 
more than 0.5% of the total energy losses. 

For heavy ions with relatively low velocities the stopping due to nuclear 
collisions is more important than for helium ions. However, in this case 
too, the stopping due to electron collisions is the most important. For ex- 
ample, the energy losses in nuclear collisions of quadruply charged carbon 
and oxygen ions in metals amount to only a few percent of the losses in 
electron collisions (Tables 5 and 6). The situation is different for slow 
particles with a large effective charge; in this case, for strong screening 
(E> 1), the scattering is almost spherically symmetric and the substitution 
of (2.51) in (2.52) and (2,53) leads to the following results: 


2 
(je), =" Qa. (2.57) 
2 wv! payen’? 
a, Mhxra Q,,,- (2.58) 
For (1, the cross section o for energy transfer is inversely proportional 


to the square of the particle velocity and (45) is almost independent of the 
a 


velocity. This case, for example, corresponds to the stopping of the 
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| Mevecm*/g 


aE 
dx 


| 


in contrast to the case 
Pp 


In the velocity range where >], nuclear 
TABLE 5 


collisions are the most important in stopping, 
Mass stopping powers of metals for quadruply charged carbon ions 


E<1. 


recoil atoms in alpha decay. 
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The preceding relations are 
valid for the calculation of the angular distributions of particles undergoing 
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* See note to Table 5. 
Multiple scattering of charged particles. 


an average of one collision when passing through a foil (single scattering). 
In many cases, however, the final deflection of a particle is the total effect 
not of a single, but of many elementary events of close scattering. Depend- 
ing on the mean number of collisions Q of a particle in a foil of thickness @, 
we distinguish between single (2 <1), plural (@=1—20), and multiple 

(2 > 20) scattering events. 

The actual path length traversed by a particle, considering multiple 
scattering, is larger than the foil thickness. This fact is important in the 
study of the range — energy relations of particles (see §6, 15), in the inter- 
pretation of track distortion in cloud chambers or in photoemulsions (§ 10), 
etc. 

Multiple scattering of ultra-fast charged particles is widely used at 
present in nuclear and in elementary-particle physics as a method for de- 
termining the energy of the particles (§ 10). The method is based on the 
fact that after multiple scattering the deflection angle of a particle is di- 
rectly proportional to its charge and inversely proportional to its energy. 

The theory of multiple scattering is developed in /52, 505, 262, 389, 
460, 404, 407/. 

The earliest and simplest theory is by Williams /505/. He assumed 
that the deflection of a particle after multiple scattering is the sum ofa 
multiplicity of single deflections, whose probability is determined by 
Rutherford's formula. The angular distribution of particles which pass a 
foil possesses azimuthal symmetry with respect to the direction of the 
incident beam, so that the probability of their emergence from the foil in 
the angular range (8, 6+ d@) is given by a Gaussian distribution: 


20 @3 
p(98)de ON Sa (- 205,,,) d®6, (2.59) 


where < VU? Span is the mean square deflection, which is the sum of the 
mean square deflections along orthogonal axes in a plane perpendicular to 
the direction of the incident particles (Figure 10). 


FIGURE 10, Geometry of multiple scattering 


According to Rutherford's formula (2.23), the probability that a particle 
passing a layer of thickness dx is deflected as a result of a single collision 
by a small angle @ in the interval (@,8+ dQ) is 


dx "Zi 27 e de 


n Sit OF (2.60) 


where n is the number of atoms in 1 cm? of the substance; 
1246 
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Z,e, pand ware the charge, the momentum, and the velocity of the incident 
particle; 
Ze is the charge of the scattering nuclei. 
The product puis equal to twice the kinetic energy of the particles at 
low velocities(v < ¢) or to the kinetic energy at relativistic (¥~c) velocities. 
Multiplying this probability by @? and integrating over 8 from @,,, to 
S inat and over x from 0 to f, we obtain the mean square angle of deflection 
in passing a layer # (the energy losses in it are assumed sufficiently small 
so that p anc v remain unchanged): 


8xZ? Z2 ef 6 
; _ 142 max | (2.61) 
<C> ee —sapa “8 In e__ 


The choice of the angle 6, is somewhat arbitrary (this is the largest of 
the small scattering angles). Williams takes for 8, an angle 9, for which 
an average of one collision with a deflection angle 9 greater than 9,occurs 
in the foil. The total probability of a single scattering by an angle larger 
than 0, is taken equal to one, so that 
2 72 
G2 — 9? = 4nziZ3e% (2,62) 
mix 1 ptvs 
The minimum angle Onin is determined by the screening of the nucleus by 
the atomic electrons (see above). Williams considered separately the 
classical case (a = aie > 1) when the anlge 9, is equal to @;, and the case 
when the Born approximation applies: («<1), with the anlge 0 nie ©GuUAal to 6*. 
The values of the screening angles 9, and @, are determined By (2.38) and 
(2,44). 
Substituting 8. = @, and 8,,,=@a in (2.61), the following expression 
for the mean square angle of deflection is obtained: 


8 4nZ? 2? e! nh \? 
<8 ean 20; In er = pivs ntin 4nZ) Z5 nt (; =) | ( 


where m, is the electron mass. 


at. is of the same order of magnitude as the mean number 
of collisions @ experienced by the particle in passing the foil. Since in 
multiple scattering 2 > 20, the logarithm in (2.63) does not depend much on 
the argument. The dependenceof <0’ > _., onthe parameters of the scattered 
particle is mainly determined by the factor in front of the logarithm. 

Thus, already from Williams' simple theory the basic features of mul- 
tiple scattering may be deduced: the mean scattering angle is proportional 
to the charge of the scattering nuclei, inversely proportional to the energy 
of the incident particles, and depends on the thickness of the scatterer as gh, 

The problem of multiple scattering was studied more rigorously by 
Kompaneets /52/, Goudsmith and Saunderson /262/, Moliere /389/, and 
Snyder and Scott /460/*. The most comprehensive, as far as experimental 
verification is concerned, is Moliere's non-relativistic theory, which is 
based on the results described above of the investigation of a single scatter- 
ing event in the screened atomic field. 


The quantity 


* See also /148, 404, 256/, where the connection between these theories was studied and their ranye of 
applicability established, 
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Bethe /148/ considers these theoretical calculations and introduces some 
corrections. Finally, in recent papers / 256, 404, 407/ the range of ap- 
plicability of Moliere's calculations is discussed and exact formulas in the 
second Born approximation are given. 

According to Moliere, the function f(@f) 9d®, giving the number of parti- 
cles deflected in the interval (9, 9-+d0) when passing through a foil of thick- 
ness ¢t, depends mainly on the angle 8,, which is determined by (2.62) and 
takes into account the foil thickness, and on the screening angle @_, which is 
determined by (2.45) and represents the screening of the Coulomb field of 
the scattering nuclei. On the other hand, according to Moliere, the depend- 
ence of f (9, ¢) on the differential cross section for a single scattering event 
is not significant if this cross section is equal to the Rutherford cross sec- 
tion for large scattering angles. Thus, the screening function g (@), which 
Moliere uses in her theory of multiple scattering, has the form: 


1 (8) = ea 


For large values of the parameter 


2,23e% 
a= 57 > 1 


g,(9)differs appreciably from g, (@) (Figure 6). 
According to (2.62) and (2.45), the mean number of scattering events of 
a particle passing a layer of thickness fis 


ont 4nN.t(—— ? zi zip 0.9858 _ 7800¢ (g/cm?) 2i Z} “—e 
7 68 a 2xm, ¢ “p24 1.134 3.76a8 B8A (} + 3.3522) ° .64) 


where MN, is Avogadro's number; 
A is the atomic number of the scattering element, B = —; 


.m, is the electron mass. 

The corrections introduced by Bethe /148/ require the substitution of 
epee for the numerical coefficient in expression (2.64) and of (Z,+1)Z} for 
Z;. This takes into account the additional effect of scattering by electrons 
/58/. 

The determination of the mean angle of deflection resulting from numer - 
ous individual deflections is reduced, according to Moliere, to the solution 
of the transcendental equation 


and to the expansion of the distribution function f(®, f) in a series of negative 
powers of the parameter 8B: 


f (9, t) 0d 0 = [Ff + £ (3) B14 fF (8) B+... -] Ode, (2.65) 


where g 
° Ys J ( : ). 


The first term in expression (2.65) gives the usual Gaussian distribution, 
the second term takes into account the corrections for distant scattering. 
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For close scattering and sufficiently large values of B (8<1), the angular 
distribution of particles is essentially Gaussian; the corrections are ~ 1/B, 
i.e., of the order of 10%. The numerical values of the parametér B in ex- 
pressions (2.65) and (2.66) are given below: 


2 
log a 1 2 3 4 5 6 7 8 9 
& 


B 3.36 6.29 8.93 11.49 13.99 16.46 18,90 21.32 23.71 


The quantities f“) and f™ were calculated and tabulated by Moliere /389/ 
and Bethe /138/. Bethe's results are more accurate and include a larger 
range of values of 6, They are given in Table 7 which also tabulates the 


TABLE 7 


Numerical values of the coefficients of the distribution function f (0,4 (2. 65) 


8 | yo | io yo ; st | at) 


0 2 0.8456 2.4929 0 0 

0.2 | 1.9216 0.7038 2.0694 0.0006 0.0008 
0.4 | 1.7214 0.3437 1, 0488 0.0044 0.0034 
0.6 | 1.4094 —0.0777 | —0,0044 | —0,0050 | —0. 
0.8 | 1.0546 —0.3981 | —0,6068 | —0.0815 | —0,1246 
1 0.7338 —0.5285 | —0.6359 | —0,2642 —0.318 
1.2 | 0.4738 —0,4770 | —0,3086 | —0,4946 —0 

1.4 | 0.2817 —0,3183 0.0525 | —0,6113 0.101 
1.6 | 0.1546 —0.1396 0.2423 | —0,4573 0,669 
1,8 | 0.0783 —0 0006 0.2386 | —0 1,251 
2 0.0366 - -0,0782 0.1316 0 6258 1.053 
2.2 | 0.01581 0. 0.0196 1.2347 0,475 
2,4 ‘ 1008 | —0,0467 1.6718 | —0,775 
2.6 {| 0.00232 0.08262 | —0,0649 ; —1 483 
2.8 | 0.00079 0.06247 | —0,0546 1.9200 | —1.676 
3 0.000250 0.04550 | —0,03568 1.8429 | —1,448 
3.2 | 7.3-107° 0.03288 | —0.01923 1.7240 | —1,008 
3.4 | 1.9-10°° 0.02402 | —0,00847 1.6050 | —0,566 
3.6 | 4.7-10 0.01791 | —0,00264 1.90388 | —0.22 
3.8 | 1.1-107° 0.01366 | 0.00005 1.4237 0.005 

1000 7 | 1000 A) |} 1000 ¢@) 

4.0 | 2.3-107 10.638 1,074] 1.3617 0.1375 
4.5 | 3-107° 6.140 1, 2294 1.2588 0.2521 
5 2.1078 3,831 0.8326 1.1972 0.2602 
5.5 | 2-107 2.527 0.5368 1,)563 0.2456 
6 5.10738 1,739 0.3495 1,1275 0.2264 
7 1-107!8 0.9080 0.1584 1.0901 0.1901 
8 3-10-3 0.5211 0.0783 1.0679 0. 1604 
9 1.1072 0.3208 0.0417 1.0523 0.1369 
10 1-10-” 0.2084 0.0237 1.0419 0.1186 


] oars ; 
numerical values of the functions ee a and = ef, determining the ratio 


of the corresponding cross sections to the Rutherford cross section for 
large scattering angles. 

The distribution of the projections of the scattering angles on a plane 
parallel to the direction of the beam of scattered particles is given by the 
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distribution function 
f (9, dp = [20 exp(— 9) +f (9) B+ (9) BO +--+] de, (2.66) 


where ?= 5 i and ® is the projection of the scattering angle (Figure 10). 
| 


The mean value a, of the multiple-scattering angle is determined from 
the expression 


fas. = 0.982 0.117 
—a,=0= @,VB(1+ 95? — Bs +o), (2.67) 


Nigam et al. /404, 407/ show that Moliere's calculations are insuffici- 
ently accurate, since they are based on expression (2.45), which is only 
correct when condition (2.42) is fulfilled, i.e., in the first Born approxi- 
mation. 

Using the formulas of Goudsmith and Saunderson /262/ for the expansion 
coefficients of the distribution function of multiple scattering in Legendre 
polynomials and Dalitts' relativistic formula (2.45a) for single-scattering 
angle, Nigam et al. obtained the following expression for the distribution 
function of multiple scattering: 


F (8, 1) = C(O BY FO + BF $f) tae (FP 4F% +.) Jo (2.68) 
where 


tne 4: 9 ieee ie dad (0.577 — In 0,VB)}; 


Be? 
C=exp| Tt ie 


t= 1-+2a0, (1 — 62). 


The numerical values of sand £® should be taken from Table 7. The 
values of f"” were calculated for a number of special cases in /404, 256/; 
we give the numerical values of f" /2@, VB: 

8 0 0.2 0.4 0.6 0.8 


sY /20, VB 11.128 ~9,085 6.848 ~—4.952 —3.254 


3 1.0 1,2 1,4 1.6 1.8 2.0 3.0 
f'Y (20, VB — 1.740 =~—0,371 =+4+0.908 2.179 3,569 0.716 0,170 


The contribution of Ff” and 7°. as mentioned above, can be neglected in 
most cases, 

The experimental verification of the theory of multiple scattering was 
done mainly in the study of electron scattering (see §12). Only a few in- 
vestigations are available which use non-relativistic heavy charged parti- 
cles to verify the theory. 

Maurer /394/ and Fleischmann /256/ studied the multiple scattering of 
a-particles from natural radioactive substances. Bichsel /173/ experi- 
mentally studied the multiple scattering of 0.7 —4.8 Mev protons in metal 
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foils. Ashmore and Crewe /141/ investigated multiple scattering of 7.5 Mev 
deuterons in metals. 

A satisfactory agreement with the results of Moliere's calculations was 
found in all these studies. An example is shown in Figure 11 which gives 
the angular distribution of 8.78 Mev a-particles after passing through 


2.6 mg/cm? of lead (dots) /256/. The dashed line shows the theoretical 
distribution. 


FIGURE 11, Angular distribution of a-particles 

with an initial energy of 8,78 Mev after passing 

a lead layer of 2.6 mg/cm? /256/. The dashed 

curve was Calculated according to Moliere's the- 

ory, the solid curve takes into account the cor- 
rections of Nigam et al. /404/ 


Arutyunyan /10/ investigated the angular distribution of 40—200 Mev 
protons after multiple scattering in copper and lead. In this energy range 
the finite dimensions of the nucleus and the influence of the nuclear force 
field should be taken into account. 

Plural scattering. The angular distribution of particles in plural (& < 20) 
scattering can only be obtained by numerical methods. Table 8 gives the 
numerical results of the angular distribution function of particles in single 
and plural scattering /356/. 

In order to use the data of Table 8 in practice it is necessary to determine 


the experimental ratio = , where /(0) is the forward particle flux without 


the foil, and / (0) the flux with the scattering foil imposed. If the incident 
flux is normalized to unity, and in accordance with the conditions of the 
experiment 
) 
2 « 
_j2/TH for T= TH = OF 


O for {> ty 


I(t) 


then the measured ratio is 
(0) _ 
1(0) =1—G(8, 1,). (2.69) 


From Table 8 a pair of values of 2 and 7, is chosen which satisfies formu- 
las (2.69) and (2.64) simultaneously. 
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§3. Excitation of nuclei and nuclear reactions 
induced by fast charged particles 


Most interaction events of fast charged particles with the nuclei of the 
stopping medium are of an elastic nature. However, some events may 
lead to nuclear excitation (inelastic scattering) or to nuclear reactions. 
The relative number of inelastic collisions with nuclei generally increases 
with increasing energy although, as shown below, inelastic scattering and 
nuclear reactions are insignificant in attenuating the beam of fast charged 
particles at nonrelativistic energies. At high energies the contributions of 
elastic and inelastic interactions become approximately equal. 

In this section we shall consider the most general problems connected 
with nuclear reactions. 

Kinematics of nuclear reactions. In the nonrelativistic case, the kinetic 
energy of a particle 6, emerging as a result of a nuclear reaction A (a, 6) B 
and escaping at an angle §,(LS) to the direction of motion of a, is given by 
the formula: 

Mp— mM, m, m, costa, 


ae Tem St peor cao: | + 


My, Ye 
tna 2 : (3.1) 
where 7, is the kinetic energy of the particle @, caused by the reaction 
in LS; 
m,, m,, m,, m, are the masses of the incident particle, target nucleus, 
emerging light particle and recoil nucleus respectively; 
Q is the reaction energy. 

The expression for the recoil energy 7, as a function of the escape angle 
$, of the recoil nucleus (LS) has the same form, only that the index @ should 
everywhere be replaced by B. 

The difference in the kinetic energies of the particles before and after 
the reaction is given by Q. It can also be expressed in terms of the masses 
of the particles in the reaction 


Qa Ty +7, Te =e | (met ma)— (ms +m) | (3.2) 


where ¢ is the velocity of light. 
In practice the following expression is convenient 


me +m, (Mp —- My) 2mm, T,T, ) 
OO ge ig nd ee Oe Og (32a) 


Reacticns for which Q>0 are called exothermic. ForQ>0 and m,>~m,, 
the positive sign is valid in front of the brackets in (3.1). 
For endothermic reactions (Q <0), the energy of the particle has a 


single value only if 
T,> (- oe Q. 


Ma— mM, 


For example, in the reaction H® (p, 2) He®(Q = -0.764 Mev) for T,< 1.148 Mev, 
7, has two values. Endothermic reactions are energetically possible only 


34 


(E—) HE01'0 {(b—) Lz58°0 [(b—) 8569°0 |(b—) 4895" [(b—) oF1h°0 [(b—) Be6z'0 (b—) IS8I°0 [(G—) rhL8°0 a = 0% 
(e-) e0er'o \(e—) osse’o |(e—) 9982"0 K(e—) szzz"o K(e—) 9991°0 Ke—) ze1t"o \(b—) 660z"0 (p—) ezze’o > = = Sl 
(Z~=) 1892°0 (Z—) s61z°0 \(Z—) g081"o \(<—) ez¥1°0 e—) zz01"0 (¢—-) oh2°0 |(e—) 1eSb°0 ((e—) OF0Z"0 | (e—-) 21170 K(s—)oaz'ul(e—)ige'o| ol 
(Z—) 698S"0 (Z—) seis'o |(Z—) zsev'o (Z—) evse'o (z—) ezuz'o \(Z—) zz61"'0 \(z—) ze11°0 (e—) 6ces’o (e—) 002°0 |(e—)s6T°ollp—)er6'0| 0°8 
(I~) O681°0 [(1—) 62210 I(1—) ZHI 10 [(Z—) #226°0 (Z—) HERL"0 (Z—) B¥BS"O (z~) Spze°o \(z—) ZeEZt°O (e—) 096°0 (e—)s09'0|(e-)162°0}_0°9 
(i~) 6Z£e°0 [(I—) o1ee'o ((1—) 11Z8"0 |(1—) 9008"0 |(1—) 299%°0 (1) 9212°0 (1—) 1eet°o K(z—) eezz’o | (z—) zeF'0 (Z—)¢8Z‘Ol(Z—)eel'O} O'F 
(1—) 2908°0 |(I—) Zoes"o |(I—) ZonS"0 [(1—) 29480 M(1—) ezzs°o (1—) vegr'o M(1—) zosero I(1—) sz6t“0 | (1—-) oz1°0 (t—)008'0/(Z—)96e'0} 0°€ 
(I—) ¢819°0 K(I—) €299°0 ((1—) 9112°0 (1—) evzz"0 \(1—) erez'0 I(1—) 9269°0 M(1—) ozzs°0 \(1—-) zore’o | (I~) $12°0 (I—):6V'0(Z—)1bz'0} $°Z 
(I) 99620 |(1—-) 91¢8°0 |(1—) 6226°0 |(O—) 01010 \(o—) ezo1o [(o—) 9z01°0 I(1—) #z¢6°0 \(1—) 9zz9°0 | (1—) s1¥°0 (1—)887'0}(1—)ZS1'0} 0° 
(1—) #¥88°0 ((O—) ez01°0 |(o—) z811"0 }(o—) #ze1°0 [(O—) 9981°0 |(o—) 6oz1"0 [(o—) seat" Mo—) zezt‘o | (1—) ¢06°0 (1—-)¢c9'0}(i—)8re'o] $°I 
(I=) 9996°0 |(O—) 9211°0 ((O—) oFe1"0 (O—) 20910 |(o—) 0061°0 (o—) 191Z°0 \(o—) 262z°0 (o—) egai’o | (O—) FeI°O (1—)$66'0|(1—)0SS°0| SZ*1 
(O—) szo1°o |(O—) eez1"0 j(O—) 908t"0 (o—) b981"0 |(O—) 11€z°0 |(o -) 908z°0 (O—) sste°o o—) oz2z°0 | (o—) 202°0 o—)egt-ol(t—ese‘ol 0°1 
(o—) 6201°0 |(o—) gtet’o |(o—) z¥91"0 |(O—) 660z°0 |(o—) e0zz'0 \(o—) 1¥¥e"0 \(0—) 960b°0 [(o—) Feee’o | (o~-) B62°C O—)¥22'0((0O—)6Z1'0} 8°0 
(0-) 8Z11°0 |(0—) OOFI‘o |(O—) 0621°0 |(O—) 1S€2°0 (o—) ze1e°0 \(O—) 9614°0 (o~) 02zS"0 (o—) 6zzs"o | (O—) pIP°O (o—)61e 0\(o—)98t'o} 9°0 
(O—) 0211°0 (C0) pz41°0 |lo—) £2610 |(O—) 26SZ°0 |(o—) 109¢°0 |(o—) ¥008"0 |(o—) ez¢9°0 |(o—) eego'o | (O—) 649°0 (o—)1eF'0(o—)esz 0! pO 
(O—) 6611°O |(O—) zzS1*o |(O—) 208"0 |(O—) 1622°0 |(oO—) 696e°9 \(o—) sz9S-0 (o—) seoz'0 (o—) eeze'o | (o-) e29°0 Ko—)ieg‘ol(o—)eleol zo 
(O—) L0Z1°0 |(O—) zest ‘0 {(0—) ZS0z"0 (O—) 9¥ez"o ((o—) 9z0F'0 (o—) sz9g"o Ko—) 0z08°0 \(o—) gs98"0 | (o—) 1zz"0 Ko—)egs'o(o—Joee'ol 1-0 
(O—) O1Zt"0 |(O—-) z¥S1°0 (O—) Z90z"0 |(O—) 998z'0 [(O—) #11h"0 ((O—) Spes'o (o~) ze19"0 (o—) goge'o | (O—) szz"0 (0O—)Z2S'0\(O—)8ee'0} 0°0 


("e/9 ‘8) DO UONoUN) arp Jo sanyea teousuWINN 


8 ATEVL 


35 


"22 7-01°008'0 S910Uap (Z—) 008'O FIQe) ey2 UT “A10N 


(e—) 68200 | (S—) Ze'O Z°0 ie) 1012°0 \(e—) 818Z'0 ((e—) 0812°0 He—) 96810 H(e—) BS9t°o (e—) vert °O [(E—) LZZ1°0 0% 


(z—)esst'o | (t—)eget*o [(2—) 12110 KZ—) 1z01°0 (e—) $2z6°0 |(e—) sbze°o |(e—) 162z°0 |(€—) 0989°0 |(e—) ¥968°0 {(€—) GoIS"O SI 
(2—) ezas’o | (2—)zess'o |(z—) Z¥19°0 |\(Z—) so6r'O |(Z—) z¥9F°0 (Z—) ESer’o |(Z—) SHOF'O \(Z—) Boze°O |(Z—) EFEe’O |(Z—) ¥LEZ"0 Ol 
(z—) 9096°0 | (t—)zev6'0 {(Z—) ¥oz8'0 [(Z—) 8106'0 |(Zz—) szz8°0 \(Z—) oz¥B*o |(Z—) 2608" |(Z—) zS9z°0 |(Z—) Ze1Z'O ((Z—) Les9"0 | O°8 
(i—)ezpi°o «| (i—)eest*o = |(i—) esst’o M(1—) oo9t-o (1—) t191°o [(i—) Zt91°o ((1—) Zogt’o {(I—) szst"o ((1—) gest"o ((I—)Szb1°0 | 0°9 
(t—)so1g'0 | (i—)oocz’o = |(t—) 618z°0 |(1—) g¢9z°0 (1—) 2922°0 (1—) 088z°0 KI—) tooe’o [(1—) st1e°o [(1—) s1ze"o |(1—) téze"o | O°F 
(i~)z1vz'0 | (1—) ¢969z°0  \(1—) oeve'o [(1—) 1eze’o ((1—) seve’o [(1—) ogge"0 [(1—) se6e’o M(I—) soze-o (1 —) S6r¥"0 [(I—) 28Zb°U | O'€ 
(1—)19sz°u | (i) 282z°0  |Ci—) 1eze*o [(1—) ozse*o [(t—) egze’o |(1—) tz0¥°o (I) Zerv°o \(I—) Z18b°0 H(1—) vezS"O [(1—) FE9S"O | S°% 
(1—) ¢29%°0 | (i—) 6e0e'o = {(1—) gose"0 ((I—) 6gze’o |(1—) e110 |(I—) zeby°o |(I—) ocer'0 |(1—) ezrs"o |(1—) s009°0 |(I—) €899°0 | 0°2 
(1—) ezuz°o «| (i—)szte'o §=|(t—) s6ge°0 [(1—) zzop'o (1 —) 66er'O [(I—) ever’o ((1—) 1zes"0 [(1—) so09°0 K(I—) tzz9°0 [(I—) Sozz°0 | S°I 
(1—) p1ez’o =| (i—)zeze’o {(i—) ezze"0 (1—) ogtr’o \(1—) 12¢h"0 ((1—) s66r'o |(1—) 1zSS°0 |(I—) 69Z9°0 |(I—) oetz"o |(I—) c0z8"°O | SZ°I 
(1—) 6pec'o | (I—) 62ze°0 |(1—) zeee°o |(1—) eoze’o [(1—) Sz9¥°o [(I—) 1e1S"0 |(I—) 9rzS°0 |(1—) 90S9°0 {(1—) 6sbz"0 |(I—) $z98°0 | O'1 
(1—) 129ez°0 «| (1-)6oce'o = |(1—) rege*o ((1—) asze'o ((1—) s6or’o (1—) 12zzS°0 |(1—) 9980 |(I—) 0299°0 (I) Ze9z'0 |(1—-) 2206°0 | 8°0 
(1—) ggez'o | (i—) veee’o |(1—) szee’0 (1—) zoer’o ((I—) oszb°0 |(p—) v6zs'o |(I—) €96S°0 |(1I—) 9089°0 K(I—) Z68z°0 |{I—) sze6°0 | 9°0 
(1-) 1062°0 | (i) tgee°o  l(1—) zsee"0 (1—) veer’o |(I—) 16zho |(1—) zbes‘o [(1—) 2¢09°0 |(I—) 1169°0 1(1—) 6bOS-O |(I—) 2256°0 | ¥°0 
(1—) 6067°0 | (1—)zgce'o § |(1—) zose’o I(1—-) esev’o (I—) o18h'0 |(1—) oges’o [(1—) Z809°0 {(I—) gz69°o {(1—) ZS18°0 (I) 9626°0 | 270 
(I—) 1162°0 | (1-) p9ee"0  M(1—) 1z6€°0 ((1—) ecer’o |(1—) 2zer°0 1(1—) 6869’0 K(t—) ¥609°0 ((1—) S669" |(i—-) 6218" [(I—) 1626°0 | 10 
(1-) 116%°o =| (i—)sgee’o = [(1-) ez6e’o [(1—) oger’o ((1—) szsb’o KI) Z6es°0 K(1—) 9609°0 ((I—) 1ooz"0 |(I—) 9818-0 [(I—) 9086°0 | 0°0 


(penuluod) g ATA V I 


36 


the energy of the incident particles exceeds the threshold value 
T. thresh ™ Q(=5m) : (3.3) 


For the reaction H? (p, n)He®, the threshold value of the energy is 
1.019 Mev. For incident proton energies of from 1.019 to 1.148 Mev, 
neutrons of two energy groups are formed. 

In the notation used here, the elastic scattering on nuclei is written 
thus: A(a,@)A. For elastic scattering Q=0and expression (3.1) is iden- 
tical with expression (2.2). 

In inelastic scattering, A(a,a)A*, the nucleus remains in an excited 
state after the collision. The reaction energy in this case is the excitation 
energy of A, taken with negative sign: 


Q= — W,.. 


The relation between the escape angles of the particles in LS and in CMS 
is given by (2.6) and (2.8). However, in contrast to elastic scattering, k& is 
now defined thus: 


k= E my Toe )" Mm, my, UP Ye 


a Mm, 


where 7, and 7,, are the kinetic energies of the incident particles in LS and 
CMS respectively. 

Nuclear reaction cross sections and their relation to the attenuation of a 
beam of charged particles. According to the general definition (§ 1), the 
cross section for a nuclear reaction is defined as its probability, if the in- 
cident beam is a single partizle, and the target contains one nucleus per 
unit area of the beam cross section. 

The total number of nuclear reactions of a given type, occuring when 
particles pass through a layer of thickness dx, is determined by (1.1), 
where ois the total reaction cross section for the energy & of the particles. 
As a result of the inelastic nuclear interaction, the bombarding particle 
either vanishes or its energy and direction of motion are considerably ~ 
changed. This results in an attenuation of the intensity of the incident beam. 
For a thin target, the decrease in flux is, according to (1.1), 


AN = N, [1 — exp(— ontx)| =z N,onx, (3.5) 


where x is the target thickness; 
nis the number of nuclei of a given kind in 1 cm}; 
o is the sum of the cross sections of the reactions caused by a 
particle of given energy. 

The absolute reaction cross sections and their dependence on the energy 
(excitation function) can be theoretically calculated only in a small number 
of cases. We shall confine ourselves only to the most general data refer- 
ring to nuclear reactions with fast charged particles. 

When the energy of the charged particles is lower than the height of the 
coulomb barrier 

B= 2, 23¢2 


R (R— nuclear radius) 
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the reaction cross section increases exponentially with 7,. If the energy 
exceeds the height of the barrier, the cross section is determined by other 
factors. For rough estimates, o=10-?5— 10-4 cm? should be substituted 
in (3.5). Note that reactions induced by deuterons have a higher yield than 
reactions induced by protons and ea-particles of the same energy. 

If we take ¢o= 10725 cm? and a= 107? cm“ in (3.5) then the decrease in the 
flux’ passing through a layer 10 microns thick (10-* cm) is 107*%, 

Due to the large energy losses on ionization in thick targets (cax~ 1) 
(§ 5—6) the particles are rapidly slowed down. Approximately 105—10® fast 
charged particles, hitting a target, cause one nuclear reaction. 
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FIGURE 12, Comparison of experimental cross sections 

/378/ of inelastic interaction of protons with nuclei 

(points) with the theoretical cross sections (solid curves), 
taken from /377/ 


Figure 12 gives the calculated /377/ curves of the total cross sections 
for the inelastic interaction of fast protons with nuclei of various elements. 
The figure also shows the experimental results /378/,. From these curves 
the cross sections of inelastic scattering of fast charged particles can be 
estimated. 

The attenuation of the beam due to particle absorption by nuclei has to 
be taken into account, for example, in analyzing transmission curves for 
the determination of the mean range of particles in a medium (see § 6). 

Measurement of particle energies and energy calibration standards. 

In practice it is often necessary to determine the energy of the particles 
accurately; For example, when the energy losses in the passage of parti- 
cles through matter are investigated (§5), The most accurate methods for 
energy determination are the electrostatic and the magnetic analyses, and 
for ultra-fast particles, in addition, the measurement of the emission angle 
of the Cerenkov radiation (see § 9). 

The magnetic rigidity Bp, where B is the magnetic flux density and pis 
the radius of curvature of the trajectory of a particle in a transverse mag- 
netic field, is a measure of the ratio of the particle momentum to its 
charge Ze 

mBc® 


am Oe e 
Bp = 7 en 
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Using the well-known relativistic energy momentum relation 


rome (22) 


mes 


T= mel a ( =) | i 


where 7 is the kinetic energy of the particle; 
mis its rest mass. 


At very high particle velocities when the total and the kinetic energies 
are equal, Bp is connected with EB (ev) by 


E (ev) = 300 Bp (gauss: cm), (3.7) 


At small (nonrelativistic) velocities 


, (3.6) 


T exe (EeBe (3.8) 
mes 
Expressing Bp in gauss-centimeters, the mass of the particle in atomic 
mass units (1 amu =1.6-10724g) and its energy in electronvolts, we have 


B p(gauss -cm)= > VM (amu) T (ev). (3.8a) 


Another convenient expression for calculations, relating Bp and the 
electron velocity, is 


Bp (gauss- cm) = 1704.5 B (1 — B?)~. (3.9) 


The radius of deflection of a particle in an electrostatic field is depend- 
ent on its charge to energy ratio. For the most common case of a cylindri- 
cal analyzer, the relation between the energy Vof a particle, moving on an 
average radius p, and the voltage V’ between the plates of a condenser is 
given approximately by 

a 
e 9 
where dis the distance between the plates of the condenser. 


(3.10) 


TABLE 9 
Energies and magnetic rigidities of alpha-particles from natural sources 


used as standards 


Group of 
particles 


Magnetic rigidity 


Isotope 
. Bo (10°G. cm) 


Energy 7, , Mev 


Posto _ | 5.307 +0.0026 | 3.31649 +0 .0008 


Bis13 a,(70%) | 6,086140,0024 | 3.55389+0.0007 
(ThC) a9(23%) | 6.046540.0027 | 3,5123240.0008 
Posts | = 7.680240.0009 | 3.99274+0.00022 
(RaC’) 

Po213 ee 

(thC’) 8,780) +0.004 4.26934 +0,0009 
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TABLE 10 


Resonance and threshold energies of protons used as absolute calibra- 
tion standards 


Energy (kev), determined by the 
method of 


Reaction SS ee Re Marks 
Electrostatic magnetic 
analysis analysis 


340.440.4 340.540,3 Resonance 
F19 (p, a 701" 483 640.3 — ’ 
872.4+0.4 871.340.4 . 


A127 (p, 1)Si® 992,4+0.5 | 990.84+0,2 
1424.14 


0. 7 ress ) 
1843.740.9 — ‘ 
0.9 
6 


1747. 
Ci? (p, 1) N2 | aT ee. 


Ni’ (p, y)Cu® | 
Li (p, n) Be? | 1881 .240.9 = 188}.340.7 


Threshold 
C3 (p, 7) N34 | 3237.241.6 | | " 
F9(p,n)N1®* | 4223.242.0 ee : 


When working with beams of charged particles, the problem of mono- 
chromatization of the beam is usually more simple than the measurement 
of the absolute energy of the particles. Therefore, energy calibration 
standards are widely used in practice. 

Table 9 gives the values of Bp and the absolute energies of the spectra 
of some a-radioactive natural isotopes, often used as standard reference 
points. 

The resonance and threshold energies of some reactions, used as energy 
standards, are given in Table 10, 


§ 4. Theory of energy loss ot particles in inelastic 
collisions with atomic electrons 


Classical theory of ionization energy losses (Bohr). Suppose a particle 
with charge ze* moves with the velocity uv relative to a stationary free elec- 
tron in a trajectory with the impact parameter p. If the impact parameter 
is sufficiently large, it maybe assumed that it remains practically unchanged 
in the collision with the electron; the velocity of the incident particle also 
remains unchanged. As a result of the collision the electron acquires a re- 
coil momentum P4 in a direction perpendicular to the motion of the particle 


td C. -) 
ms dx = finda & ON = ose 4 
he are ia 
—2 


* Here and in what follows the effective charge of the moving particle is meant, which coincides with the 
nuclear charge only at velocities much higher than the velocity of electrons of stronger couplings. 
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and an energy 


_ Pp __ 2z%e!4 
~ Om mut ° (4.2) 


In a more accurate form (see § 2) 


2z2¢e4 1 
Om roe EOE en 
In (4.2), (4.3), and in all the following expressions m is the electron mass, 
6 is the collision diameter, as determined by (2.22). 

Passing through a layer of thickness dx, the particle suffers 2xpdpdxn 
collisions whose impact parameters lie within the limits from p to p+ dp 
(2 is the number of electrons in 1 cm? of the medium). 

Using the impact parameter obtained from (4.1), the number of collisions 
for which the transferred momentum lies between pand p+ 4pis found to 
Ka Sxadx rtetdp 

p? 
momentum transfer between p and p + dpper electron 


Dividing by adx gives the mean number of collisions with the 


> 8nxzte4 d 
3 (p)dp =: pe (4.3) 
According to §1, this is the differential cross section for the transfer of 
momentum p to the electron. 
The differential cross section for the energy loss of the incident parti- 
cle (energy transfer to a free electron) is 


de, (Q) =9(Q)dQ=B, B (4.4) 
where 
e a= Sze (4.5) 


is analogous to B, (see § 2) for electron collisions. This expression can 
also be derived from (2.48), if we set m,=m, z,=1and Z,=z. 
Substituting (4.5) in (2.52) and using (4.3) and (4.4) we obtain: 


dE _ Anatet edp 
ax mv? 6 \2° (4.6) 
coal aac) 


Integration of (4.6) over all values of p from 0 to oo leads to an absurd 
result (infinite energy transfer). Therefore it is necessary to take into 
account the electron binding in the atoms of the stopping medium. Bohr 
/149/, using the harmonic oscillator model of the atom, i.e., considering 
the electrons bound by elastic forces with the eigenftrequencies v, (i= 

= 1,2,3...), showed that the electrons may be regarded as free for small 


impact parameters (close collisions), if the impact time to is shorter 


than the oscillation period of the electrons a Conversely, for distant 
é 
collisions (<><). the energy transferred to the bound electrons is con- 


siderably smaller than the energy received by free electrons for the same 
value of p. According to Bohr we may assume that for 
1,1230 


Ws 


°>P)P, = 


4] 


the electrons are adiabatically perturbed by the field of the charged particle 
(Q=0). The quantity p, is called the adiabatic limit. 

Integration of (4.6) from 0 to p, with the condition p, > 6 (6 being the 
collision diameter, see (2,22)). gives an expression for the mean energy 
loss per unit path length, due to electron collisions 


dE 4nztret 1,123 Mmos 
—(@) = = ar ® 2 —seare my ere/om, 


where M is the mass of the incident particle; and 


wo, = 2ty, 
If the oscillation frequencies of the electrons are given by 


In w = Zfin o,, (4,7) 


where f, are the oscillator strengths corresponding to transitions with fre- 


quencies w,*, then the expression for the ionization losses is as follows 


(omitting the index e of dE/dx in the following): 


_ gE __ Anstey Le Mw? (4.8) 
dx mus w 2e2(M + m) 


Introducing the relativistic correction /149/, formula (4.8) has the form 


aE Ant {pq 1l23Mme__ sn cy gy al 
gem En {in ene — In (1B) — Fh 


(4,9) 
Bp = u/c. 


Formulas (4,8) and (4.9) are known as Bohr's formulas. 

Bohr's formulas are used for a limited range of particle velocities and 
charges. Since the classical methods of calculation are only applicable if 
inequality (2.36) is fulfilled, a necessary condition for the applicability of 
Bohr's formulas is 


VK zl, = ee 


where zéis the effective charge of the incident particle; 
v is the velocity of the electron in the hydrogen atom, 
The restriction to small velocities is due to the separation of the im- 
pacts into close and distant, requiring that 


v>uH,, or aero an (4.10) 


where 4a, is the orbital velocity of the electron in the atom of the stopping 
medium. If these conditions are satisfied, the distribution of the energy 
transfer is determined by the classical theory (Figure 13a). 

Strictly speaking, Bohr's formula (4.8) is suitable for calculations, 


a=! and 7, >a>l, (4.11) 


where a is determined by (2.36), and y, —by (4.10). 
Under this condition, the adiabatic limit p, is larger than a certain value 
of the impact parameter p,, for which the energy Q transferred to the 


* The oscillator strength for a given transition is equal to the number of electrons in the corresponding 
level, divided by the number of electrons Z in the atom. 
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electron is equal to /,, which is the energy necessary for removing an elec- 
©, u? 
tron from the s-orbit (7, et oh 9 Collisions with p<p, are "free", 
Since the energy transferred to the electron exceeds /,, and collisions with 
p> p,belong to the so-called resonance collisions. In ‘the latter case, the 
field created by the moving particle in the region of the atom is small and 
practically the same throughout the atom. There is only a small prob- 
ability of ionization or excitation of the atom in a single collision. The 
statistical distribution of the transitions caused by resonance collisions 
should be calculated by the methods of quantum mechanics. However, as 
was shown by Bohr /12/, expression (4.8) for the total energy loss as the 
sum of the energies transferred in individual collisions up to Q, gives a 
correct. result if (4.11) is fulfilled. This is illustrated by Figure 13b, 


3 
2 
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6(Q)/5, (0) 


GS 


6(0)/6,,,0) 
~ o% 


AD Go 


O60) 


Q, I, omer? 


FIGURE 13, Statistical] distribution of the 

energy transfer in collisions with electrons, 

The arrows indicate the maxima of quantum- 
mechanical resonances 


where the area crosshatched by the horizontal lines showing the energy loss in 
quantum resonance collisions* is equal to the areacrosshatched by the vertical. 
broken lines (the calculation was performed by classical methods). 

The contribution of resonance effects to the stopping under condition 
(4.11) is always smaller than the contribution of the free collisions. ‘This 


difference increases with the parameter a; when 
Zz 1, 
(1376)8 ~ * 
resonance effects are unimportant in the stopping by the K-electrons of a 
medium with atomic number Z. 
® This area conditionally expresses the total cross section of energy transfer in resonance transitions occurring 


with P>?P;. 
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If the stopping occurs when 


e>a,>1;(4>1) (4,12) 
or 


Zz 
(Ta7pe > | 


then the energy losses should be evaluated by another expression, proposed 
by Bohr in 1948 /12/: 


—F _B nin |_2emre | (4.13) 
ax é hile w/t ze 


where B, is determined as before by (4.5); the notation is the same as in 
(4.8). In this case p, >p,, but collisions with p, >p, will not be adiabatic, 


Since the duration of a collision exceeds a According to Lamb /374/, 


the ionization when p>p, is due to the tearing away of electrons from 
the atom by the static force field. 

A detailed analysis of other possible applications of Bohr's classical 
theory can be found in /12/ and /401/. 

We only point out that Bohr's classical theory can be successfully ap- 
plied to calculate the ionization energy losses of heavy particles with large 
effective charges. Let us consider the passage of fission fragments through 
hydrogen. At the beginning of motion the effective charge z of the frag- 
ments is approximately 20, and the velocity is 1.4°10%em/sec /89, 364/, 
so that a=3.2 and y= 6.6. The ionization energy losses shold be calculated 
by (4.8). At the end of the range of the fragments, when Z~ 2 and v~ 
~ 2.2°:10°cm/sec, a=2and 4=1,the energy losses are calculated by (4.13). 

The ionization energy losses of fast particles with a small effective 
charge (protons, alpha-particles), as determined by Bohr's formulas, ex- 
ceed the experimental values considerably. This is due to the fact that 
with an increase in the velocity of the particles the adiabatic limit Q, be- 
comes much smaller than /, (Figure 13c). At the same time, the energy 
losses in the range of the quantum-mechanical resonance effects are con- 
siderably smaller than the energy losses for Q,</,, as calculated by the 
classical theory (the vertizal broken lines in Figure 13c), 

Quantum-mechanical theory of ionization energy losses, (Bethe, Bloch). 

In quantum theory it is also useful to separate the collisions into distant 
and close. A close collision /92, 480/ is one in which the particle trans- 
mits an energy Q>/H/ to the electron; collisions for whichQ<H are con- 
sidered distant. The quantity H should satisfy two conditions: it should be 
large compared with the binding energy of the electron, and it should be 
small enough so that the effective collision diameter is larger than the 
atomic dimensions. In most practical cases, Hz 10*— 105 ev, 

The separation of collisions into close and distant is necessary because 
in close collisions typical quantum-mechanical effects have to be con- 
sidered such as the spin and the magnetic moment, as well as the charge 
exchange effect in collisions of identical particles. In distant collisions, 
these effects are unimportant in the determination of the energy losses. 

If condition (2,42) is satisfied, the ionization energy losses due to distant 
collisions are calculated by the method of partial waves in the Born approxi- 
mation of the perturbation theory (see, for example, /64, 71/). According 
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to calculations performed by Bethe /150/, 


__{ dé __ 2 xziet 2mu3H 3 
dxJqo<H = mvt al a h(i i—p2) — Pry. (4,14) 


which is valid both for heavy and for light incident particles. 
In (4.14) / is the mean excitation potential of the atoms of the stopping 
medium, which is determined by an expression similar to (4.7): 


Zin = DS q4 10 Ipy 


where f,, are the oscillator strengths for transitions between the optical 
levels a and ; 

I, are the energies corresponding to these transitions. 

The cross sections for energy losses in close collisions (H<Q<Q 
depend on the quantum-mechanical spin and charge-exchange effects. 

The corresponding calculations (Bhabha, Massey, Oppenheimer, Snyder 
and Serber) for heavy particles with spin 0,5 and 1 led to the following 


a, 


results: 


For particles with zero spin (a-particles, «x-mesons) the differential 
cross section for energy transfer (loss) is equal to /152/ 


de (Q) = de.(Q)| 1 — B? am cm?/electron. (4.15) 


For particles with spin + (protons, » -mesons) 
- et 2 
d2(Q) = deoQ [I-P + aH) 
and for particles of spin 1 (deuterons, Li* nuclei) 
” _. p22 Qh 2. Q: 
do(Q) = dec| (1-- g2-) (1+ -%) +-$a( 14+-%)] 
Here de,)(Q)is the classical cross section for energy transfer to a free 


electron, given by (4.4); 
E= 7+ Me’ is the total energy of the incident particle; 


M? c8 
l= 5 


Qa iS the maximum possible energy transfer in a collision with an electron, 
which according to the law of conservation, is equal to /152/ 


Q ax — Mc _ (maj —t (4.16) 
(Fm) + (22) + (ser) 


The difference in the cross sections appears only in the extreme relativistic 
case, when the cross section for energy losses for particles with spin 1 ex- 
ceeds the cross section for losses for particles with spin 1/2 and 0. 


For T< (or) Mc? (~ 10" ev for p-mesons, ~ 10" ev for protons) (4.16) 
is simplified: 


Qmout 
Qa as Fe : (4.16a) 
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eee Q 
For E> (a) Met as in§2,Q,,, =E&. Inthis case, the conditions = < 1 


Q 


and 6 <€ lare also satisfied, so that the difference in the cross sections, 
€ ; 


due to the spin effect, disappears, and (4.15) should be used in calculations 
of energy loss cross sections for all heavy incident particles. 
Substitution of (4.15) in (2.52) gives 


dEy 
— ( dxlQ>H 


= ea [In Qmax —# |. (4.17) 


mut H 


The mean total energy loss per unit path length is equal to the sum of the 
losses of close and distant collisions with electrons: 


a 
aE _ 2nzes In 2mvutQ 


dx mv? rae 26. (4.18) 


Substitution of Q... from (4.16a) leads to the commonly used expression: 


dE 4nztet 2mv§ 
— = BE an (2) —in(1 — F) — pF, (4.19) 


Expressions (4.18) and (4.19) are called the Bethe-Bloch formulas for 


the mean ionization energy losses, = is the stopping power of the substance 


for particles of a given kind (see § 5). 
As arule, when determining energy losses, no detailed calculations of 


(42) on (close collisions) are performed. Formula (4.14) is usually ap- 
plied and instead of #7 the value of Q determined by (4.16a), is used. 


] max’ 
In fact, since do(Q~>s 


3 
relatively rare. They are important when determining the probable, and 
not the mean energy losses (see below). 

For small values of 8, the total contribution of the relativistic terms in 
(4.19) is equal to + $1/4. For B0.96(E~3Mc’), the energy losses are a 
minimum, consequently, according to (4.19), a continuous logarithmic in- 
crease in the losses should be observed. In practice, as we see below, at 
a certain value of the energy this increase is compensated by a decrease in 
the losses due to the polarization of the medium. 

Expression (4.19) for non-relativistic velocities of the incident particles 
has the form 


close collisions with large energy transfer are 


dx~™ muv3 


- dE _ 4xztes NB= a (m)NB, (4.20) 


where N is the number of atoms in 1 cm? of the stopping medium; 
M and 7 are the mass and kinetic energy of the incident particles; 


2mut M\ T 
B= Zin => = Zin | 4(2) 7; (4.21) 


Bis the stopping coefficient, a dimensionless quantity dependent on 
the characteristics of the stopping medium. 
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The logarithmic factor in (4.21) varies from 5 (uranium) to 11 (hydrogen). 
Ionization energy losses are the main source of losses, therefore, the 
Bethe-Bloch formula can be used to calculate the stopping powers of mater- 
ials for fast charged particles. It is then assumed that the following condi- 

tions are fulfilled: 


1) The de Broglie wavelength ae of the incident particle is large in com- 


parison with the collision diameter 6, and condition (2.42) for electron col- 
lision 1s of the form: 


2nzes 2nZe?\ £ 
hv =| hv \e«1 


Or U>2z4, 


, (4.22) 


where zéis the charge of the incident particle; 
Z is the atomic number of the stopping medium; 
_ 1s the velocity of the hydrogen electron. 

2) The velocity of the incident particle is sufficiently large in comparison 
with the velocities of the electrons in the atoms of the stopping medium, so 
that 

T> My. (4.23) 
moa? ; 


where /, is the ionization energy of the s-electron. 

3) The charge of the incident particle is small (+> g 1) and does not 
change (no charge exchange). 

4) The ratio = is small (the contribution to the energy lossed due to 


elastic scattering on the nuclei can be neglected, see § 2), 
Investigations have proved that the Bethe-Bloch formula (4.19) is satis - 
factory for the ionization and total losses of protons with energies T> 
2 1.5 Mev and of a-particles with energies 7>5 Mev, in light materials. 
At energies close to these limits, as well as in the stopping in heavy ma- 
terials, it is necessary to take into account the unequal effectiveness of the 
excitation of different electronic shells (binding effect of the electrons). At 
high energies, the effects connected with the polarization of the atoms of the 
stopping medium and the Cerenkov radiation should also be considered. 
Expressions (4.9) and (4.19) are the limiting cases of the Bloch formulas 
/151/, obtained by the generalized quantum-mechanical method of impact 
parameters. The corresponding expression has the form 


dE 2Inzte* MUO no . Qnzet 
Ee cttaal | es — f° 40,423 — Rey (475) | 


dx mv? (4.24) 
where 4 is the logarithmic derivative of the I'-function and Repis the real 
part of ¥. 

For 
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and, since = ot expression (4.24) reduces to Bohr's formula (4.9). When 


nz &1, the Bethe- Bloch formula (4.18) follows directly from (4.24), since 


as small values of the argument 
ip (x) = (0) = —0.577. 


Corrections to the Bethe-Bloch formula, taking into account the binding 
of the electrons. As was mentioned above, the Bethe-Bloch formula is 
valid if (4.23) is satisfied, that is, if the velocity of the incident particle 
is higher than the velocities of the K-electrons of the atoms of the stopping 
medium. Only in this case all electrons participate equally in the energy 
absorption and the value of /, in (4.19) and (4.21), is then independent of 
the energy of the incident particles. 

When the velocity decreases to u~0d,, where wv, is the velocity of the 
K-electrons of the stopping medium, their contribution to the stopping de- 
creases, and when u~vw, that of the L-electrons decreases, and so on. 

In order that these conditions will be satisfied the quantity / in the Bethe- 
Bloch formula should be equal to the mean excitation potential of the atoms 
of the medium, i.e., they would only depend on the properties of the medium 
and not on the velocity of the incident particles. It is necessary to introduce 
the appropriate corrections for the binding effect of the electrons which were 
calculated in /295, 359, 493, 494/. 

Bethe /150, 259/ and Walske /493, 494/ determined the contribution to 
the stopping from the K-, L-electrons separately. In this case, the corres- 
ponding partial stopping coefficients in (4.20) can be expressed according to 
Walske as follows: 


4n? » 
B, (,.n )=S, (8, ) n ; 


i%)s (4.25) 


where 


S, =F [+46 ) F 


N, is the number of electrons in the i-th shell of the stopping atom; 

f, is the oscillator strength for all optical electron transitions from 
the é-th shell to the continuous spectrum or to the vacant levels of the 
discrete spectrum, 

In (4.25) the parameter 6, is the observed ionization energy of the elec- 
trons of the é-th shell in units of Z, Ry/n;? (Z, is the effective charge of the 
nucleus at the i-th shell, a, is the principal quantum number and Ry= 
= 13.6 ev). Thus, for.example, for the electrons of the K-shell 

ee ae 
~ (Z2— 0.3) Ry 
According to /494/, the quantities 8, and @, may be determined from the 
curves given in Figure 14, 

The parameter %, GErermnes the energy of the incident particle, ex- 
pressed in units of MZ? Ry/m, where M is the mass of the incident parti- 
cle, and mis the mass aI the electron. Its value depends on the ratio of 
the velocity of the incident particle to the velocity of the electrons in the 


i-th shell: 
n sori Fin ) pe mys __ v 
(ME NZ ERY | oz Ry =( uy Z, 
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anes . 
where U, =~ — is the Bohr electron velocity. 


Finally, the parameter h, represents the mean excitation energy /, of the 
i-th shell in units of Z? Ry/a’ 


FIGURE 14. Theoretical dependence FIGURE 15, Theoretical dependence of the stopping 
of the screening parameters @, and coefficient on the parameter yy /493/ 
@, on the nuclear charge /494/ 
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FIGURE 16, Theoretical dependence of the stopping coefficient 
B, on the parameter w, /494/ 


Figures 15 and 16 give the graphs of 
By ( 9,, Nx) and B, ( 9, %,)s 


obtained by /493, 494/, in which hydrogen-like atomic wave functions were 
applied. 
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The stopping coefficient B, appearing in (4.20) is determined by the sum 
of B, according to expression (4.25) and summed over all the shells. This 


TABLE 11 
Values of the stopping coefficients 
By (Oe NK) 

NK 6, =0.7| 0, =0,8) 6, =0.9 
1.50 2,031 1 857 
1,75 2,337 2.142 
2.00 2,595 2.385 
2.50 3.077 2.841 
3.50 3,782 3,508 
5.0 4.537 4,22) 
10.0 5.900 5.496 


can also be written according to the definition of the porauretels j and i, 


in the form 
B= > B,(%,1) => Ss (6) in 7" —C,(8, ")}: 
é é 


Since >, (8) =Z 


B= Zin="™ — YC, (6, 0), (4,26) 


where 
ZUR 
Zin/= 35,(4) n= 3,5, (yin (23 ; 
i é 


It is convenient to use the coefficient Bin the form of (4.26), as the mean 
excitation potential /is independent of the velocity of the incident particles, 


BAe 
AL | tT tT TT Tt 
a 


bs a Q2 24 48 88 10 12 14 = (N6 “ei. 


FIGURE 17, Dependence of the corrections Ceon the 
parameter Qy, according to Walske /493/ 


even if condition (4.23) is not satisfied. The reduction of the stopping power 
of the electrons of the é-th shell is given by the quantity C,. 
Jsing the calculated curves of Figure 17 or the data of Table 11 


be determined for values of 9, from 0.5 to 10 (20)for various 8 
results with §@ 


, C, may 
x: Lhecalculated 
x 79.7 are suitable for light elements (from carbon to aluminum), 


20 


with 6,~0.8 — for elements with intermediate values of Z(Z ~30), and 
with 6, = 0. 9— for heavy elements (Z ~ 80). 


TABLE 12 TABLE 13 
Values of Sy (8, )and T, (8, ) Values of the coefficients in (4. 28) 
On, [SK Ou |[ 7x (8x) 8x | Ux | Ve Wx 
. 2.4603 0.70 [2.066217 ,3246|-45.0 (approx- 
2.4044 0.75 * {2.09997 .3194}imately for all @,) 
2.3462 0.80 |2.119617.3191 
2.2868 0.85 [2.129017 32) 
2.2273 0.90 |2,120917, 


In. order to eaieulate the corrections C, for low-energy particles 
(% <0.5) it is necessary to use an asymptotic expression 


B, ( 8,, Ny) = Sy (9) In ay + Ty (8y) — ¢ Cy (9K, Nx): (4,27) 


The values of B, are determined from Figure 15, and the values of S, and 
T, are given in Table 12, For , >10, the corrections C, are found by 
means of (see also Table 13): 


Cy (8 K! Nx) = Uy ( 8x) a, + VE ( 8.) 74 Wy (9,) w+ 7 (4,28) 


The hydrogen-like wave functions used in the calculation of B,and C, 
are justified to a certain extent by the small screening of the K-electrons 


TABLE 14 
Values of the corrections C, (6,, n, ) according to Walske /494/ 


0.01516 
0.01888 
0.02001 
0.02016 


by the external electrons. However, the calculation of C, , and moreover, 
of C,, introduces an error which is large for strong screening. More- 
over, the use of Hartree's functions is not always possible, and involves 
laborious calculations. 


TABLE 15 


Values of the stopping coefficient B,. 


6 
~~ 0.35 | 0.45 | 0.55 | 0.65 
bd 


Ca AD AD coms cay oe tw es 
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The values of the contribution of the L-electrons to the stopping coef- 
ficient B, and to the corrections C, were obtained by Walske /494/ using 
hydrogen-like wave functions. The results are plotted in Figure 9 and in 
Tables 14—17. These tables are used in the same way as that for the 
K-shell. 


TABLE 16 TABLE 17 
Values of the coefficients S,, T, and U, Values of the coefficients U,, M,.-V,. O,. 
in (4.29) in (4, 30) 


The calculated values of the coefficients B, and of the corrections C, for 
some values of § and , are given in Tables 14 and 15. For relatively low 
energies of the incident particles, 4, <1 (3.5), the contribution of the L- 
electrons to the stopping coefficient can be calculated by the asymptotic 


formula 
B,(®,, 1.) =S5,(9,)ina, +7, (8,)+UL 1 , (4,29) 


the numerical values of S,, T, and U, are given in Table 16. 
For 9, >3.5 (10), the corrections C, are given by 
C,(%. %)=U,u + M, a +N, 07 +0, 77°. (4,30) 


The coefficients U,, M,, N,and O, are given in Table 17. 
In order to form an idea on the order of magnitude of the corrections to 


(4.20), Table 18 shows the total corrections (in percent of pt calculated 


TABLE 18 


Corrections (%) to ~ for the binding effect of the K- 


and L-electrons, calculated by (4,20) 


Zinc Tin Y tterbium| Thorium 


Ty, Mev | Z m 30 | Z = 50 


z=10 | z=9 


* The value of Cy is negative 
°° The values of Ce and C, are negative 
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by (4.20)) for the binding effect of the K-and L-electrons in various elements 
and for various proton energies. Since the first two terms in the asymp- 


T 
totic expression (4.72) can be written as Sx In [% 5) it is obvious that 


for 4, <exp(— 3) the value of C,.is negative (B, is always positive), -For 
this reason, C, may be negative (gee Table 18). 

It follows from Table 18 that the total correction (C,-+C,) reduces the 
calculated values of the energy losses in zinc (Z= 30) by ~4% for ips =5 Mev, 
by 0.2% for 7, = 260 Mev, and by 0.07% for = = 500 Mev. 

For beryllium, the introduction of the corrections C, reduces the energy 
losses by 8% for T,= 0.6 Mev, by 3% for f. =1 Mev, and by 1.5% for - = 
= 2 Mev. 

The correction C, for light elements can be approximately calculated by 
expression (4,30) for large 7,: 

A 
C Rael PCS (4.31) 
For aluminum, for example, A= 1.5 forT, >2Mev [171/, which is in agree- 
ment with Walske's theory. 

The maximum value of the correction C, for aluminum is attained at the 
energy 7,= 4.6 Mev.C, has a maximum value at 7,~0,2—0,3 Mev. 

The mean potentials of the atoms of the stopping medium. The mean 
excitation potential of the atoms of the stopping medium, appearing in the 
Sethe-Bloch formula, cannot be exactly evaluated, with the exception of the 
lightest elements (hydrogen, helium). 

Bloch /151/, using the statistical Thomas-Fermi model, showed that 
the dependence of / on the atomic number should, at least for heavy materi- 
als, have the form 


l=/,Z, (4,32) 


where /, is an experimental constant approximately equal to the Rydberg 
constant (13.5 ev). 

In the theory of ionization energy losses, / is a parameter representing 
the properties of the stopping medium, but is independent of the velocity of 
the passing particles. Thus assuming the theory to be correct and taking 
into account the corrections for the — binding and the polarization, 


then all the experiments for determining =. and R should lead to the same 


value of /for a given medium, itachi of the energy and kind of parti- 
cles used. If the experiment shows a dependence of fon the energy this will 
indicate fundamental errors in the theory described above, Table 19 gives 
all the experimental data on / available at present. 

Examination of Table 19 shows that the data on / ere contradictory and 
are not always in agreement with the Bloch relation. There is, for ex- 
ample, a tendency for a decrease in the experimental values of / with in- 
creasing energy of the incident particles. The introduction of corrections 
C, for the electron binding reduces this effect, but does not remove the dis- 
crepancies completely. Thus, there are strong indications /171, 492/ that 
either the experiments are not sufficiently accurate, or that some of the 


corrections to the experimental values of = and R, used for the determina- 


‘tion of J, are not app.ied (for further details, see § 6), 


TABLE 19 


Experimental values of the mean excitation potentials of the atoms of stopping media 


Element 


aH 


atte 
3Li 
,Be 


Rh 
wAg 


xperimental 


alue of J, e 


167 
166.45+ 1 


163 


16343 


828 8 
273 + 22 
243 


363.18 
323 

370 
377.6+8 
309.9438 
366 .0 
375.6+20 


905 + 10 
278 


645 +45 
428 


T 
ly ="F- 


Method of deterniina- 
tion of J* 


Sm (lq, = 150) 
Sm (Uy) = 159) 
Sm (Iq; = 150) 
Ss 


R; 

San (i, = 166, 4) 

R, multiple scattering 
taken into account 


Sin (Uy, = 150) 
Sm (lea ==305) 


R,; 
Sm Cat = 150) 
R, 


Sm (yy = 150) 
R 


R 
aE 


dx 
R, 


bad Ls g 
Ry multiple scattering 
taken into account 


dE 
ae (absolute) 


Sm (Jy, == 166.4) 


Sm (1,) = 905) 
dE 

“dx 

< 

de 

“dx 


R; 
Ra, multiple scattering 
taken into account 


Sm (1a, == 908) 
Sm (yy = 15) 


04 


Reference 


/ .58/ 
/49/ 
/476/ 


137 
1138/ 


/383/ 
/384/ 
/155/ 


/156/ 
/158/ 
/158/ 
/476/ 
/49/ 

/384/ 
/158/ 
/476/ 
/359/ 
/447/ 
/496/ 
/456/ 
/161/ 
/155/ 
/158/ 
/502/ 
/374/ 
/291/ 


/156/ 
/171/ 
/216, 451/ 
/155/ 
/49/ 
/158/ 
/216/ 


/451/ 
/177/ 
/161/ 
/216, 451/ 
/384/ 
/155/ 


/156/ 
/49/ 
/158/ 
/216, 451/ 
/158/ 


TABLE 19 (continued) 


Particle 
Experimenta} I Method of determination 
Element | value of J,ev => of f* a oe 
mev 
mAg 587.0 12.5 Sm (14) = 166.4) 19.8 /155/ 
585 + 40 12.5 Rp multiple scattering 
was ae into account 6—18 /156/ 
659+ 50 14.0 ae 18 /216, 451/ 
dE 
4eSn 708 + 59 14,2 ae 18 /216, 451/ 
479 9.2 Sm (Iy, = 150) 340 /158/ 
dE 
nta 9624 54 13.2 PTs 18 /216, 451/ 
nW 920.5 12.4 Sm (1,4, = 166.4) 19.8 /155/ 
680 + 50 9.2 Sm (Ucy = 35) 635 /49/ 
656 9.2 Sm (1, = 150) 340 /158/ 
dE 
wAu 1136 + 100 14.4 ers 18 /216, 451/ 
dE 
997 12.7 Pra 19.8 /155/ 
1037 +100 13.1 R,, multiple scattering 
taken into account 6—18 156 
eePb 810.7412 9.9 R, 340 Bey 
970 11,8 R; 35—120 /161/ 
826 10.1 R 752 /510/ 
92U 821 8.8 Sm (1,4; = 150) 340 /158/ 
917 10 R 752 /177/ 


* In this colunin S,q is the mean potential, determined from experimental] data on the relative 
mass stopping power of the medium, dE/dx was determined from absolute measurements of 
the stopping power, R was determined from measurements of the mean range, Ry was de- 
termined from measurements of the extrapolated range with respect to ionization, Ra was 
deterinined froin the transmission curve; see §5—6. 


Another explanation to the variation of /with velocity is that in actuality 
/is not fully velocity-independent. In this connection, Lindhard and Scharff 
/360/, using statistical arguments, proposed for the calculation of the ioni- 
zation energy losses a universal function L (x), equal (see § 5) to the stopping 
power of one electron 


L (x) =," (wz) (—%)- (4.33) 


Here X is a dimensionless parameter (assuming that the atoms of the stop- 
ping medium are sufficiently well represented by the Thomas-Fermi model), 
depending only on the velocity v of the particles and on the atomic number 


of the stopping medium: 
2 
x= z(z) ’ (4c = ==) (4,34) 


The function L(x) should behave as Inx for large values of the parameter 
x(x > 100), i.e., as the logarithmic term in the Bethe-Bloch formula. 

The function L(x), which is empirically determined, has a sufficiently 
universal character. For all charged particles and energies, the data on 
ionization losses, expressed as a dependence of L(x) on the parameter x, 
should fit along «= curve; only slight deviations from this curve are allowed 


sks) 


for light stopping elements, which are explained by deviations from the 
Thomas-}Iermi model. 

From experimental data obtained until 1953, Lindhard and Scharff /360/ 
established the analytic form of L(x): 


L (x) = 1.36x'" — 0.016x"", (4.35) 


The use of this empirical function L(x) eliminates the need to introduce the 
corrections C, in calculating ionization energy losses. 

Definite conclusions concerning the dependence of /on the velocity of the 
particles, and on whether the function L(x) should be used can only be made 
on the basis of experimental results. 

Polarization effect (density effect}. At high energies of the incident parti- 
cles, the density and the dielectric properties of the stopping medium influ- 
ence the ionization energy losses. Thus, the polarization effect provides a 
partial compensation for the unlimited increase of the energy losses accord- 
ing to the Bethe-Bloch formula for B+1. Inthe theory which neglects this 
effect, the atoms of the stopping medium are considered separately. The 
energy losses are calculated as resulting from the independent interactions 
of the particle with the individual atoms. This is only correct for close col- 
lisions, in which the impact parameter is equal to, or smaller than, the 
atomic dimensions. However, in distant collisions (the impact parameter 
exceeds the atomic dimensions) the influence of the electric field of the in- 
cident particle is reduced due to the polarization of the intermediate atoms 
of the medium. This reduces the energy losses and the reduction depends 
on the dispersion properties of the medium, but noton the identity of the pas - 
Sing particles. Since in dense media the importance of distant collisions 
increases with increasing velocity of the particles, the corrections for the 
polarization should also increase. 

In the early works of Tamm and Frank /106/ dealing with the Vavilov- 
Cerenkov effect (see § 9), it was already noted that in distant collisions the 
macroscopic properties of the medium are significant. Fermi /242/ made 
the first theoretical investigation of the effects of the density of the medium. 
He used the simplified assumption that the quasi-elastic binding of the elec- 
trons is represented by oscillations with a single eigenfrequency, and the 
energy lost by the particle is transferred to the oscillators. Calculations 
showed that the energy losses depend on the density of the electrons in the 
medium and on its dielectric properties. The maximum effect is shown for 

Annet 


v>c/Ve, where e=1+4+ _ 


then tend to a finite limit, independent of the particle energy. 

In the works of Wick /497/, Halpern and Hall /286/, Fermi's calewa- 
tions were generalized to the case of an arbitrary number of dispersion 
oscillators, i.e., they considered the dependence of the dielectric constant 
e on a large number of eigenfrequencies. The influence of the conduction 
electrons was also taken into account. The allowance for the dependence of 
e(v,)led to important refinements. Thus, contraryto Fermi's calculations, 
the density effect was found to be larger for water than for lead; the satura- 
tion of the ionization losses is weaker than what follows from Fermi's calcu- 
lations, and so on. 


is the dielectric constant; the energy losses 
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The most comprehensive calculations of the density effect were carried out by 
Swenheimer /446/* The main results of these calculations are given below. 
The correction 8 for the density effect is determined from 


dE\ _ 2nnet 4 
a (2) — 22, (4.36) 


where 
Car 


= Din 3 )—Fa—p, (4.37) 


Here f, is the oscillator strength for transitions with frequencies v 


3 is 
Ns 
measured in units of the plasma frequency (S) ; 
TUN 
mis the number of electrons per lcm); 
L = (y, + f,)"; 
{ is determined from 
] f 
es Pee. QV es 4.3 
I= Date. a0 
At a certain velocity B=8, Z= 0, and then 
] fi 


(e is the static dielectric constant). 

For 68 <B,, the corrections for the density effect vanish. This is only 
correct if the experimental values of /, which already include the correction 
for the density effect at low particle energies, are used in the calculations 
of the energy losses by the Bethe formula. If, however, / is determined from 
spectral data on the frequency and energy of the optical transitions, then the 
corrections for the density are also important at low energies. Forexample, 
Sternheimer determined the frequencies v, from the ionization potentials of 
the electrons of the K-, L, etc, shells, and assumed J, equal to the occupa- 
tion numbers of the corresponding shells divided by Z, The calculated val- 
ues of I were then 30—40% lower than the experimental values, which is 
due to the density and polarization. 

When $B <8,, and /=0Q, it follows from (4.37) that 


- a fi 
b= Shiny = Dhan (1+ +), (4.39) 


For a medium whose dispersion properties are represented by a single 
type of oscillators, expression (4.39) is simplified: 


§ = In ( +. =) =Ine, 
i 


which is the same as the result obtained by Férmi [242]. 
An approximate analytic expression for 6 canbe written inthe form [446) 


$=4606X+C+a(X,—XY, (Xm X<X,) (4.40) 
$= 4,606X+C, (X > X;) 


* See also the works of Budini and Taffara /211/, Avak'yants /11/ and Stakhbazyan /131/, 


57 


where X= loge (fr) 


Pp is the momentum; 

M is the mass of the charged particles; 
@,rand X, are constants characteristic of the medium; 

X, is the value of X, below which 8=0; 


C= —2In(I/av,) —1. (4,41) 


Values of C, a, r, X,and X, for various substances are given in Table 20 /446/. 


TABLE 20 


Calculated ionization potentials (Ry) and coefficients in (4.40) and (4,42) according to 
Sternheimer /446/ 


 |-c| a m[x| x 


Lithium, Li 2.87 | 0.0664 | 3.07 | 0.374 3.05 | 2 |—0.05 
Beryllium, Be 4.71 | 0.0681 | 2.83 | 0.413 2.82 | 2 |-—-9,10 
Graphite, 5.74 0.0768 3,22 0.531 2.63 2 .05 
M agnesium Mg ] 1.5 0.0758 4.54 0.0938 3 .06 3 0. 10 
Aluminum, Al 12,0 0.0740 4,21 0.0906 3.51 3 0,05 
lron,Fe 24,8 0.0715 | 4.62 | 0.127 3.291 3 0.10 
Copper, Cu 27 7 0.0701 4.74 0.119 3.38 3 0.20 
Silver, Ag 48.5 | 0.669 {| 5.75] 0.251 | 2.88] 3 0.20 
Tin,Sn §2.1 .0647 } 6.28 | 0.104 2.52 | 3 0.20 
Tun sten W 72.9 .0618 6.03 0.0283 3.91 4 0,30 
Gold, Au . 83.5 0.0615 6.31 0.0436 3,62 4 0.30 
Lead,Pb 86.8 0.0608 6.93 0.0652 3.41 4 0,40 
Uranium, U 97.4 0.0594 | 6.69 | 0.0652 | 3.37] 4 0.30 
Anthracene 4.94 | 0.0810 3,11 0.420 2.86 2 0.11 
Sti bene 4.81 0.0818 3.12 0.423 2.86 2 0.12 
Polystyrene 4.69 | 0.0826 | 3.15 | 0.429 | 2.85] 2 0.13 
Polyet ylene 4.04 | 0.0876 | 2,94 { 0.393 2.86 2 0.12 
Lucite 5.08 | 0.0829 | 3,21 | 0.456 2.78 | 2 0.14 
Toluene 4.58 0.0834 3,30 0.454 2.83 2 0.17 
Xylene 4.50 | 0.9839 | 3,25 | 0.444 2.84] 2 0,16 
ater, HO 5.45 | 0.0853 | 3.47 | 0.519 | 2.69] 2 0,23 
Silver chloride, AgC] 36.1 | 0.0686 | 5.77 | 0.177 | 4,21} 4 0.33 
Silver bromide, AgBr 42 2 0.0671 | 5.95 | 0.0235 } 4.03 4 0.30 
Emulsion 27.4 | 0.0698 | 5.55 | 0.0220 | 4.01 | 4 0.23 
Lithium {odide, Lil 46.3 | 0.0643 | 6.66 | 0.525 | 2.32] 3 0,08 
Sodium iodide, Na) 41.3 0.0656 } 6.49 | 0.452 2.441 3 0.18 
Hydrogen,H2 1.40 | 0.1524 | 9.50] 0.505 | 4.72] 3 1.85 
Helium,He 3,24} 0.0767 311.18 | 2.13 3.22] 3 2.21 
Nitrogen,Ng 6,69 |} 0.0768 }10.68 | 0.125 | 3.72] 4 1,86 
Oxygen,O2 7,65 | 0.0768 {10.80 | 0.130 | 3.72] 4 1.90 
Neon,Ne 9,56 | 0.0761 [11.72 | 0.258 3.18 | 4 2.14 
Argon, A ' 16.8 0.0692 |12.27 | 0.0255 | 4.36] 5 2.02 
Krypton, Kr 36,3 | 0,0663 }13,12 | 0.0771 | 3.57] 5 2.12 
Xenon, Xe 55.7 | 0,0632 {13.57 |} 0.150 | 3.07] 5§ 1.90 
Methane,CHyg 3.27 | 0,0958 | 9.56 | 0.0552 | 4.22] 4 1.55. 
Fenylene,(Ctl9) 4.04} 0.0876 | 9.52 | 0.0700 | 3.94] 4 1.54 
Acetylene ,(Cfifo 4.69 | 0.0826 | 9.95 | 0.0841 | 3.91] 4 | 1.62 
Carbon dioxide,COQ, 7,08 | 0.0768 {10.32 | 0.0865 | 4.03 | 4 1.72 


The experimental values of /, determined by Coldwell, Sachs and Richardson 
/216, 451/ (see Table 19) were used in the calculation. The coefficients are 
given for gases under normal pressure. If the gases are used at Patmos- 
pheres, then we have the correction factor for 3, (p) = 8, (pP"). 

Theoretical values of the ionization energy losses for fast protons. The 
Bethe-Bloch formula, including the corrections considered above C=C, 


for the electron binding and 6 for the density effect, can be written 
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in a form convenient for calculations 


— J dé (Bewen _ Gz | 2m Qmax — 982 —§ 2c 
p dx g +S 1d pa eee eae 4 (4,42) 


where G = 0.1536 aA (the values of Gfor various substances are given in 


Table 20); 
p is the density of the stopping medium, g/cm’; 
Z and Aare the atomic charge and mass number of the atoms of the 
medium; 
z and v=fe are the charge and velocity of the passing particle; 
Qua is the maximum energy transferred to the electron, as determined 
by (4.16). 
The accuracy of the calculations obtained by formula (4.42) depends 
mainly on the accuracy of the values of J, and of the corrections C and 8, 


eee rae” d 
Substituting in (4.42) the overestimated values of / lowers the values of = 


and conversely, neglecting the corrections C and 8 gives too large values 


of . The results obtained by Sternheimer /447/ for protons with 7, >2Mev 


are represented by the solid curves in Figures 18— 23. The following values 
of the mean ionization potentials were used: /pey= 64 ev, Loy 78 ev, iy 

= 166 ev, Jan= 371 ev, Iipp = 1070 ev, fai; = 94 ev. They were the average 
values of / found in 1155. 156/ (see Table 19). 

The density corrections were calculated by the method described above 
(see also Table. 20), and the binding corrections of the K-and L-electrons 
were obtained from Walske's calculations (for beryllium, carbon and air 
only the C, corrections were introduced); the C, corrections for these media 
were neglected. 
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FIGURE 18. Mass stopping power of carbon and aluminum for protons /447/; ly = 0-20 Mev 


The results of Sternheimer's calculations differ somewhat from the results 
obtained earlier by Smith /449/, Aron et al. /137/ and Rich et al. /432/, 
particularly at high proton energies. The difference is due to two reasons: 


og 


1) the values of /, used by Sternheimer, are larger than the correspond- 
ing values of /, used in /449, 137, 432/:, which leads to a decrease in the 


dE ' ; 
values of 3>, and to an increase in R for the same energy; 


FIGURE 19, Mass stopping power of carbon and beryllium for protons /447/; 7, = 0—200 Mev 


2) Sternheimer considered tie density effect which further decreases ao 


and increases Rin the range T; > 10%ev. 


» Mev-cm2/g 
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FIGURE 20, Mass stopping power of carbon and beryllium for protons /447/: 
i 108 ev ~ 10!) ey 


* In his calculations, Sarith /-449/ assumed ay= Hd ev, Kain) = 80,5 ev, The authors of /187, 432/, using 
the experimental data of Wilson /502/, took the constant in Bloch's relation (432) as equal to 11,5 ev, 


60 


The character of the differences and their magnitudes can be seen in 
Figures 18, 20, 21—23, in which the broken curves represent the results 
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FIGURE 21, Mass stopping power of beryllium, copper and lead for protons /447/, i, = 0—20 Mev 


of Richand Madey /432/; the values of a for deuterium, hydrogen, and 


air (Figures 24—27) are also taken from /432/. 
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FIGURE 22, Mass stopping power of aluminum, copper and lead for protons /447/, T= 0-200 Mev 
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Mass stopping power of aluminum, copper and lead for 
protons; 7, == 108% ey—101 ev 
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FIGURE 23, 
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FIGURE 25, Mass stopping power of air, helium and deuterium for protons /187/; T, = 0-200 Mev 


FIGURE 24. Mass stopping power of air, helium and deuterium for protons /137/ ly = 0—20 Mev 
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FIGURE 26, Mass stopping power of air, helium, and 
deuterium for protons /137/; Tp =108 ev—2-1012 ev 
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FIGURE 27, Mass stopping power of hydrogen for protons /432/ 


Table 21 gives the calculated values of the energy loss in polystyrene 
and polyethylene for proton energies from 1 Mev to 10 Bev /432/. 

The relation between the ionization energy losses of protons and of 
heavy charged particles. According to the Bethe-Bloch equation the mean 
ionization energy loss in a given medium depends only on the charge and 
the velocity of the incident particle, and not on its mass. Thus the ioniza- 
tion losses of protons, deuterons, and tritons are the same, if they all have 
the same velocities and pass through the same thickness of stopping medium. 
In other words, protons with an energy 7 lose the same energy upon ioniza- 


« e e M e: ° . 
tion as deuterons with an equivalent energy a 7 or as tritons with an 
P 


M 
ener gy qT (this is verified experimentally, see § 5). 
P M 
When a-particles with an energy a 7 and protons with an energy J pass 
P 


through the same thickness, the ionization losses of the former are four 
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times as large as those of the latter, etc. This is only valid if the charge 

of the particles remains constant. The tabulated data on ionization energy 
losses of protons and the curves describing them can therefore be used for 
the evaluation of the mean energy losses of deuterons, tritons, a-particles, 
etc, Therefore, the values on the energy axis in Figures 18—27 should be 


TABLE 21 


Calculated values of the stopping power of polystyrene (CH) 
and of polyethylene (CHg) for protons /432/ 


1 dE 1 dE 9 
p> |p dx »Mev-cm2/g Tr. sev| Pax Meveem“/g 
Mev SS ee 
(CH), | (CH2), (CH), | (CH), 
] 0.9 11.7 
2 8.67 9.36 
3 7 32 7,90 
4 5.46 5.89 
5 4.50 4.85 
6 3.52 3.79 
7 : 3.03 3.26 
8 56.1 61.0 2.74 2.95 
) 50.9 55.4 2.42 2.60 
10 46.7 50.8 2.20 2.37 
12 40.2 43,7 2.04 2.19 
16 31.9 34.4 2.04 9.19 
20 26.4 28,7 2.08 2.23 
30 19.0 20.5 2,12 2.27 
40 15.0 16.2 2.28 2.45 
50 12,5 13.6 ue oe 


multiplied by two, three, and four respectively for deuterons, tritons, and 
a-particles (reduction to 'equivalent'’ energies; see above). Moreover, for 
a-particles the respective values of the energy losses have to be increased 
fourfold (quadratic dependence of the ionization losses on the charge of the 
incident particle). 

Statistical distribution of energy losses. Most probable energy losses. 
As a result of the statistical fluctuations in the number of ionizing colli- 
sions, as well as of the fluctuations in the energy losses in individual col- 
lisions, a monochromatic beam of particles, after passing some homogene- 
ous layer, becomes nonmonochromatic., The function describing the dis- 
tribution of the energy losses depends in general on the kind of particles, 
ontheir energy, and on the thickness ¢ of the layer. 

For heavy charged particles passing through a sufficiently thick layer, 
the distribution of the energy losses can be represented by a Gaussian 
function with half-width T, where 


og = Pt =T?, (4.43) 


According to Bohr /149/, the quantity Pis independent of the velocity of the 


particles and is given by 
P = 4nz%e'n = 4nz2e!NZ. (4.44) 


' which follows directly from (2.53), (4.4) and (2.3) for Q.,.>Q_,, (Q is the 
energy transferred to the electron), — 
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A more exact expression was given by Livingston and Bethe /359/ 
P=4n27etnkK, (4.45) 
where the factor K allows for electron binding in the atom 


io I Zq | 2mv® 


f, 


; (4.46) 


where Z, is the number of electrons in the n-th shell of the atoms of the 
stopping medium; 
I, is the corresponding effective excitation potential of the a-th shell: 


K,~= is for all “he shells; 


Z* is the number of effective electrons upon stopping; summation 
over fm is carried out for shells where 


L<2 mv’, 
For beryllium, K is 1.37 with i= 1 Mev, 1.12 with 7.=5 Mev, 1.02 with 
{> 90 Mev. For lead the value decreases from 1,33 with t= 9 Mev to 1.11 


with =200 Mev. Thus, if the charged particles have low energies, then 
Bohr's formula gives a2 low by 10—30%. At high energies, formulas (4.44) 
and (4.45) give similar results. 

In the general case, the distribution of the energy losses is asymmetric 
about the mean value, and the most probable energy loss is not equal to the 
mean loss given by the Bethe-Bloch equation. This is particularly import- 
ant for electrons. For heavy charged particles and thin absorbers, one 
Should also distinguish between the most probable and the mean energy 
losses. This problem was theoretically investigated. by Williams /511/, 
Landau /63/, Vavilov /25/, Blunck et al. /191, 192/. 

A more rigorous solution of the problem for thin (AE€E) absorbers, from 
which Landau's results follow as a particular case, was given by Vavilov 
/25/ and others /174, 94/. The probability that a particle loses an energy 
lying in the interval from Sto 4-++ dA in passing a layer ¢ is,according to 
Landau, 


f (dt) = 9(—F>) d (=), (4.47) 


where the parameter £ is equal to the energy loss ina single collision, 
which occurs only once along the path fF: 


_. 2nz2e* (4.48) 
E= — at, 
03+ 195 0 /cm)t (g/cm?) 
Bey ee (+ =<). (4.48a) 


The quantity A, is called the most probable energy loss and is defined by 
Qmeuré 
by = t[In aq pay — B+ 0.373). (4.49) 


It can be seen that the most probable energy loss is not equal to the mean 
loss, The quantity 0.373 in expression (4.49) is the contribution to the 
most probable energy losses of those single collisions in which the energy 
transfer is larger than or of the order of &. 
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Contrary to the mean energy loss, the quantity 4, is not a linear 


function of the thickness of the absorber. 
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FIGURE 28, Probability of energy 
loss A in an ionizing collision of a 
charged particle with an electron 
as a function of the most probable 
energy loss Ag and the parameter 
&, according toLandau/63/, The 
area under the curve isnormalized 
to unity 


Its value increases some- 
what faster, owing to the factor Iné. 

Figure 28 shows the function gof (4.47) 
and gives the distribution of the energy los- 
ses in a thin absorber. The width of this 
distribution at half the peak height is T = 3.98. 

The results are correct if the energy los- 
ses 4 in passing a layer f are smalt as com- 
pared with the initial energy of the particle, 
and if ¢ is larger than the mean excitation poten- 
tial Jof the atoms of the stopping medium, 

The question arises, in which cases one 
should expect differences between the mean 
and most probable energy losses. Hanson 
showed that the answer to this question can be 
obtained by comparing § determined by (4.48) 
with the maximum energy Q_,, transferred to 
the electron in a collision (Q,,, is given by 
(4.16a)). If E>Q_., the most probable and the 
mean energy losses are practically equal. In 
the opposite case, the Landau distribution func- 
tion given above should be used. 

Simon considered the case of absorbers in 


which the energy losses constitute a considerable fraction of the initial 
energy of the particle. * The results of his calculations are given by Rossi 
/92/, and the corrections to these calculations taking into account the elec- 
tron binding are given in /439/.. 

According to Simon, the distribution of the energy losses in layers of 
intermediate thickness is represented by a set of curves with differently 


pronounced asymmetries. 


A smooth transition obtains from the symmetric 


GauSSian curve (thick absorbers) to Landau's curve (thin absorbers). 


§5. Experimental verification of the stopping theory 
and data on the ionization energy losses of fast 


protons and a-particles 


It was shown in the previous sections that particles with asmall charge and 
high velocity lose energy mainly by inelastic collisions with atomic electrons. 

It is known from theory ( 4) that the ionization energy losses depend on the 
properties of the incident particles and onthe properties of the stopping medium. 

In special experiments /214, 296/ and in numerous other investigations 
considered in this section, it was established that the ionization energy 
losses are independent of the mass of the incident particles and are propor- 
tional to the square of the charge of the incident particles, rapidly increas - 
ing when their velocity decreases. 

Thus, for example, it was discovered that, within the experimental 
margin of error, in passing through layers of the samethickness, protons, 


* The fluctuations of the energy losses in thick absorbers with an allowance for scattering were studied 


earlier by Pomeranchuk /88/; see §6, 
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deuterons, and tritons having the same velocity lose the same amount of 

energy. The ratio of the thicknesses Ax, and Ax, in the passing of which 

the velocities of a-particles and protons were reduced from % to ¥, was 
M, [{2,\2 

found to be 7 (=e) , which fits the theory in § 4). 


The stopping of the particles depends on the atomic number Z and on the 
mean excitation potential /(Z)(see formula (4.21)). Since the theory cannot 
determine the numerical values of J, the latter are obtained from measure- 
ments of ionization energy losses and ranges (§ 6). 

Let us consider the methods of measuring the absolute and relative 
energy losses of charged particles, as well as some of the experimental 
results which are important for the verification of the stopping theory 
(§ 2, 4) and for the plotting of the stopping power vs. energy and range vs, 
energy relations (§6). These results are particularly important for the 
range of relatively low energies (T, (2Mev, T,<5 Mev), in which the 
theory considered in § 4 is inadequate. 


TABLE 22 


Numerical values of the coefficients A and B(for gases Bis given at 15°, 760 mm of mercury) 


Hydrogen, Ho 0, 0509 Cobalt, Co 90,9 
Helium, He 0, 02547 Nickel, Ni .3 | 91.3 
Lithium, Li 86.8 46,3 Opper. Cu 48 | 84.7 
Beryllium, Be 66. 8 124 Zinc, Zn 65.8 
Boron, B 55.7 130 Amorphous |Germanium, Ge 44.5 
Carbon, C 50,1 113 Graphite j Krypton, Kr 4 0, 02547 
Molybdenum, Mo 64.0 
Palladium, Pd ‘ 68.6 
Nitrogen, No 43.0 0.0509 Silver, Ag : 58.6 | 
Oxygen, Og 38.8 0, 0509 | 29,2 Ase 
Fluorine, F 31,7 0, 02547 Tin, Sn 33.2 ombic 
Neon, Ne 29,8 0, 02547 37,1 Tetragonal 
Sodium, Na 26.2 25.4 | 
Magnesium, Mg 24,8 43,1 Antimony, Sb 33, 1 
Aluminum, Al 22,3 60.3 Xenon, Xe 0.02547 
Silicon, Si 21.5 51,9 
phosphorus } Tungsten, W 
Platinuin, Pt 
Sulfur. S 18,8 38, 9 Rhombic | Gola, Au 
Mercury, Hg 
Chlorine, Cl 17,0 0, 02547 eo 
Argon, A 15.1 0.02547 Bismuth, Bi 
Air 
Potassium, K 15,4 13,4 
Calcium, Ca 15,0 23,3 Water, H2O0 Vapor 
Vanadium, V 11.8 10.5 Carbon dioxide, CO 
Germanium, Ge 11,6 82,2 Methane, CH4 
Manganese, Mn 11.0 78, 9 
Iron, Fe 10,8 84,8 
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The following terminology and notation will be used. 
The quantity 


will be called the linear stopping power of the medium in Mev or kev per 
centimeter. 
The quantity 1 dE 
«mm > dx’ (5.1) 
where pis the density of the medium (g/cm’), is called the mass stopping 
power (Mev-cm?/g or kev-cm?/g), 
Finally, the quantities 


e =! AE (5.2) 


and 
1 dE 1 dé 
6 dx NZ dx (5.3) 


are the atomic and electronic stopping powers of the medium respectively 
(N and 2 are the numbers of atoms and electrons in 1 cm? of the stopping 
medium). The quantity e, has the dimensions of [ev. cm’/atom]; it is some- 
times called stopping cross section. 
Table 22 gives the numerical coefficients relating the atomic, mass, and 
linear stopping powers of materials, expressed in the following units /491/: 
9 
, (i078 Svenc) = Atm ( Mev-cmeé 


g 


Experimental methods for measuring stopping powers. The stopping 
theory provides formulas for the ionization losses due to the ionization, 
as well as to the excitation of the atoms of the stopping medium. There- 
fore, it is not sufficient to verify the theory by the measurements of the 
number of ion pairs formed by a particle along its path, although there is 
a satisfactory correlation between the energy of a particle and the ioniza- 
tion produced by it (§ 8). 

Experiments on the determination of the stopping power should include 
the measurements of the energies of the particles before and after the ab- 
sorber, as well as the determination of the thickness of the absorber or of 
the number of atoms per 1cm?. The energy loss in the absorber should be 
sufficiently small and negligible in comparison to the initial energy of the 
particles. 

The main methods of studying the stopping power are examined below. 

1. Magnetic or electric analysis of beams of particles before and after 
passing through a known thickness of the medium (the energy scales of the 
analyzers are calibrated by known standards; see § 3). 

A typical arrangement for the measurement of the stopping powers of 
solid targets /500, 296, 495, 340/ is shown in Figure 29. Protons, deu- 
terons, or helium ions accelerated in a Cockroft-Walton or Van de Graaf 
generator hit after a magnetic analysis a gold foil or a target in which new 
particles are formed in nuclear reactions. The spectrum of the particles 
scattered by the gold, or of the products of the nuclear reactions escaping 
at 90° tothe target was determined by an electric analyzer. After this, the 
displacement in the energy scale of the maximum of the line corresponding 


== Be (Mev/cm). 
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to the given kind of particles was measured. This displacement Clit) 
divided by the thickness Axof the foil gives — for the energy 
) 
== --(Ty 2 T, )°. 


For beam energies 7,>1Mev, magnetic analysis is always used. 

The authors of /161, 291, 451/ measured the stopping powers and 
ranges in solid targets on internal (non-emergent) beams of charged 
particles ina cyclotron. The magnitude of the magnetic field of the 
cyclotron and the radial displacement of the slits of the detector when 
the stopping foil was introduced in the path of the beam made it possible 


d bans P 
to determine &. Modifications and improvements of the method /157, 


263/ reduce errors in the measurement to 1%. 
Equipment similar to that shown in Figure 29 is used for the measure- 
ment of the stopping power of gases /498/. In this case one has to use an 


a eae ylo amplifier 


Primary ; C 


beam 


‘ 
To integrator [ pump 


FIGURE 29, The experimental arrangement /340/ for the study of the 
stopping of protons in a medivm 


MA—magnetic analyzer; T—target; D—slit; F—foil; EA—electro - 
static analyzer; EM—electron-multiplier, 


extended gas target, which imposes additional stringent requircments on 
the collimation of the particle beam before and after the target. 

2. The method of displacement of resonance peaks is based on the well- 
known phenomenon of the resonance dependence of the gamma-quantum 
yield in certain (p,7) -eactions on the proton energy. Depending on the pro- 
ton energy, a suitable (p,7) reaction is chosen (see Table 10). The experi- 
ment consists in measuring the excitation curves of the reaction first with- 
out interposing a stopping foil in the path of a beam of monoenergetic pro- 
tons, and then with a foil interposed. The resonance energy of the protons, 
which is compared with the calibration standard (Table 10), is determined 
by means of a gamma-counter. After this, the foil is placed in the path of 
the beam and the proton energy is increased until a new maxinium occurs 


° whew — = vaties rapidly with the thickness, the effective value of the mean energy of the particles should 
be used, which can be calculated /132/, 
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in the gamma-quantum yield (resonance). The energy loss in the foil is 
determined from the displacement of the position of the maximum of the 
differential yieldcurves on the energy scale. The broadening of the displaced 


yield curve gives the o, of the energy losses. 
The method was ey for measurements on —— /382, 383, 290, 85/ 


and gaseous targets /212/. The accuracy of = by this method reaches 


99%. As anexample, Table 23 gives the measurements /290/ of the stop- 
ping power of gold for protons energies of 364— 1003 kev. 


TABLE 23 


Measurements of the stopping power of gold for protons by the method of displacement of the ({P.) reaction 
resonances /290/ 


Displacement Mean anne 
of maxima energy, Ip 


tn, 
kev-cm2/mg 


Foil thickness, 
mg/cm2 


Indicator 


F luorine- 339° 85 
F luorine-339 81 
Aluminum - 986 99 
Aluminum-986 99 


Aluminum -986 


* Fluorine-339 is indicatory of the resonance of the reaction F1(p,y)Ne3® with T= 339 Mev. The resonance 
proton energies given by the authors of /290/ differ somewhat from the accepted values at present 
(Table 10), Aluminum-986 respectively denotes the resonance in the reaction Al%?(p, 7)SI™% with T= 
= 986 Mev, 


3. The scintillation counter method. The energy losses are measured 
by a comparison of the amplitudes of the pulses produced in a scintillation 
counter by particles which have passed through the foil with those obtained 
in the absence of the foil /159/. The energy loss in the foil is 


dE=T, 


where 7,is the kinetic energy of the particles before hitting the foil; 

h, is the amplitude ofthe pulses caused by the particles. A linear 
dependence of the light yield of the crystal onthe particle energy is assumed 
in this case (see below). 

4, Phillips method. To measure the energy losses of hydrogen ions in 
gases, Phillips /414/ used the equipment shown schematically in Figure 30. 
Hydrogen ions were accelerated by a source-earth potential and passed 
through a gaseous target, which was confined by very thin SiO, plates; they 
were then slowed down by entering into the space between the collimator 
and a Faraday cylinder having the same potential as the source. Analysis 
of the energy of the particles after deceleration was performed by means 
of an adjustable decelerating voltage. If the particles lost energy in the 
target, the potential of the collector was reduced in order to collect the 
particle beam. This variation in the collector potential was measured. 

By means of this device, Phillips measured values of Af from ! to 25 kev 
for proton energies of 10—80 kev. 

The accuracy of the experiments on the stopping powers of materials is 
mainly dependent on the accuracy of the measured target thickness. 
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In the case of gaseous targets, their length sould be determined, as well 
as the gas pressure and temperature and the energy absorption in the win- 
dows. Then the error in Ndx atoms/cm? may be within 1—2%. 


HV 
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FIGURE 30, Thé experimental setupofPhillips /414/ for the study of the stopping 
of charged particles in gases: 


CC — collision chamber; Cy. Co, Cz — collimators; Fy, Fo — foils; 
S—shutter; PR —protective rings; FC—Faraday cylinder; M—magnet; HV—high 
voltage 


The thickness of solid targets is determined by weighing or by chemical 
analysis of the material deposited on a known area. The error in Ndx is 
then 3—5%,. 
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FIGURE 31, Atomic stopping power of hydrogen, helium, and lithium for protons: 


1—Phillips /414/; 2—Brolley and Ribe /159/; 3—Reynolds et al, /434/ (helium and lithium); 4—Bader 
etal /157/ (lithium); 5—Weyl /498/; 6—investigation of the stopping of s~particles, Rosenblum /433/ 


Experimental data on the stopping powers of various media for protons. 
The most comprehensive summary of the experimental data (upto 1953) on 
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the stopping powers of various media for protons is contained in the review 
of Allisor and Warshaw /132/. More recent data are given in Whalling 
/491, 492/. 


7, 0 


FIGURE 32, Atomic stopping power of gold, silver, copper, aluminum, oxygen, and beryllium for protons: 


1—Phillips /414/; 2—Reynolds et al. /434/ (oxygen); 3—Bader et al, /157/ (beryllium, copper, aluminum, 

gold); 4—Kahn /340/ (copper); 5—Madsen /382/; 6—Parkinson et al, /413/; 7—Stelson and McCowan 

/472/; 8—Green et al. /263/; 9—Brolley, and Ribe /159/; 10—investigation of the stopping of e-particles, 
Rosenblum /433/; 11—Gobeli /266/, 12—Nielsen /410/, 


Figures 31—35 give the dependence of the atomic stopping powers of 
various materials on the proton energy (the solid lines). These were ob- 
tained by averaging-over a large number of experimental data /491/. The 
points in these figures represent the experimental data of various authors 
with the measurement methods listed. Although the experimental data ex- 
tend, as a rule, only over proton energies from 0.1 to 4—5 Mev, they 
can be used for extrapolation to higher energies (the broken lines in Fig- 
ures 31-35). To pass from atomic stopping powers, expressed in units of 
10-15 ev-cm*/atoms, to mass stopping powers (Mev -cm?/g) or to linear 
stopping powers (Mev/cm), the table of conversion coefficients (Table 22) 
should be used. 

The curves given in Figures 31—35 can also be used in calculating the 
stopping powers of various materials for deuterons and tritons, as well as 
for a-particles and He’ ions with 7>2 Mev. For this purpose it iS neces- 


M, 
sary to use on the energy scale the value 7, =a, P of the equivalent energy 


for the given type of particles, and to determine the corresponding value of 
the stopping power by 
z.\2 
ome af) z) 
a alg 
? 


T2 


—Broiley and Ribe 


—investigation of the stopping of a-particles by Rosenblum /433/; 6 — Nielsen /410/, 
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FIGURE 33, Atomic stopping power of lead, tin, nickel, and nitrogen for protons: 
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—Phillips /412, 414/; 2—Reynolds et al, /434/ (nitrogen); Bader et al. /157/ (nickel, lead); 3—Green 


et al, /263/ (lead, tin); Milani et al, /395/ (nitrogen); Chilton et al, /212/ (nickel); 4 


] 


(neon, argon, krypton); 4—Brolley and Ribe /159/; 5—Wey] /498/. 
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FIGURE 34. Atomic stopping power of neon, argon, krypton, and xenon; 
1—Phillips /412, 414/; 2—Reynolds et al. /434/, 3—Milani et al, /395/ (xenon); Chilton et al, /212/ 


For example, the stopping power for a 9-Mev triton is equal to the stop- 
ping power for a 3 Mev proton, and the stopping power for a 9° Mev a- 
particle is four times the stopping power for a 2 Mev proton, and so on. 
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FIGURE 35. Molecular stopping power of water vapor, methane, carbon dioxide gas, and air 
(per 1/2 molecule) for protons: 


1—Phillips /412/; 2—Reynolds et al, /434/; 3—Milani et al. /394/; 4—Wey] /498/; 5—Brolley and 
Ribe /159/, 


Figures 31—39 and Tables 24—25 may be used to determine the values 
of the stopping powers of various substances for protons with energies from 


TABLE 24 


Experimental values /263/ of atomic stopping power of some 
elements for protons (in units of 19719 ev-cm“/atoms) 
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0.1 to 4 Mev and for a-particles with energies from 2 to 16 Mev. For 
higher energies, the theoretical curves of Figures 18—27 should be used. 
TABLE 25 


Experimental values of the stopping power of some metals for protons /157/ 
(in units of 10-15 ev.cm2/atoms) 


T ,, Calcium (VanadiusinfChromium Iron Cobalt Zinc 
Mev Ca V Cr Fe Co Zn 
0,2 29.2 24.3 
0.3 24.9 23.0 
0,4 21.4 20.4 
0.5 18.4 18.6 
0.6 17.1 (17.6 


For a rough estimate in the non-relativistic energy range, Whaling's 
semi-empirical formula /491/, based on (4.21), may be applied, 


0.242Z 
TMev) 


7, 
ta(T) = an [in mg ta] 10° ev omt (5.4) 


where @ varies from 5.1 to 5.3 with Z from 10 to 60. 
Expression (5,4) is suitable for T>0.9 Mev and 7, >2 Mev. 
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FIGURE 36. Mass stopping power of aluminum, nickel, silver 
and gold for a-particles, Experimental data; 
1—Porat and Ramavataram /416/; 2—Gobeli /266/; 3—Wil- 
cox /500/; 4—Weyl /498/; 5—Rosenblum /433/; 6—calcu- 
lated results from Aron /137/, 


Experimental data on the stopping powers of materials for a-particles. 
For 7, <2 Mev (Figure 36), the difference in electron capture by a-parti- 
cles and protons begins to be noticeable (see § 8), and the effective charge 
of the a-particles decreases rapidly with the velocity. In this case the 
above method of calculating the stopping powers of a-particles from the 
curves for protons of equivalent energies (Figures 31—35) is unsuitable. 


However, e for a-particles can be obtained from the experimental values 
of e. for protons in the same medium, if the experimental dependence of 
the ratio of the effective charges of the a-particle and the proton on the 
velocity (see § 7) is used. 


TABLE 26 


Experin.ental values of the atomic stopping power of some materials for a-particles /1338/ (in units of 
10715 ev-cm2/atoms) 


Molybdenum Palladitua Cadmiun Prorinuin 
Mo Pd ; 


Table 26 gives experimental data from Rosenblum /433/ on the stopping 
power of some materials for a-particles of 3—10 Mev (Rosenblum 's data 
for other materials were incorporated in the curves of Figures 31 —35). 

In practice it is often necessary to deal with relative stopping powers. 
The relative stopping power of a material with respect to a standard 
material is the ratio of the amount of standard material to, that of the given 
material which produces in both the same energy losses. Depending on the 

basic quantities characterizing the amount of substance, we may define 
linear, mass, atomic and electronic relative stopping powers (dencted re- 
spectively by S,S,, S, and S,). 

The linear relative stopping power of a material is defined as the thick- 
ness in centimeters which results in the same energy loss along 1 cm of 
path as in‘the standard material: 


Ax NB 
ae ~— 
where Mis the number of atoms in 1 cm? of the material; 
B is the stopping coefficient (§ 4). 
Similarly, the atomic relative stopping power is the thickness of a given 
material (expressed by the number of atoms per lcm?), which corresponds 
to the same energy loss as ina thickness of the standard material contain- 


ing 1 atom per 1 cm?: 


eg Oe (5.6) 
a Nix By 
Similarly 
) i Nees Xt - (B/Z) 
ec” ONzhx ~~ (B/Z),, ’ (9.7) 
__ (pAx) 5 (A/Z)., 
Sm = a =S, (A/Z) : (5.8) 
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From the definition of the stopping coefficient B (8 4), we can see that 
the relative stopping powers will be either increasing, or decreasing func - 
tions of the energy of the incident particles, depending on whether lis 
larger or smaller than /,,. 

The relative stopping powers are more accurately determined than the 
absolute stopping powers. Usually /93, 158, 476, 177/ the mean range of 
the particles in the standard material is determined from the transmission 
or specific-ionization curves (see §6). Then, the front surface of ‘he 
standard facing the incident particles is replaced by the sample to ve in- 
vestigated. By means of thin shims of the standard material the readings 
of the recording instrument are made to correspond with the same values 
of R,or R, (see §6). The ratio of the thickness of the standard material 


TABLE 28 


Stopping powers of materials relative to copper for high energy protons 


Barkas /177/ 


7 /49/ Heinz /297/ Carvalho 

relov/ 4$ einz /297 

. bergen /161/ /221/ 

Material So Te & Sin(Tp = Sa(T> = 
= 635 Mev) = 342 Mev) = 208 Mev) 


Hydrogen, H 


Beryllium, Be ans 
Carbon, C = 
Aluminum, Al as 
Copper, Cu - 
Cadmium, Cd ad 
Tungsten, W = 
Lead, Pb = 


Uranium, U 
Photoemulsion 


to that of the investigated material in these two experiments gives the 
equivalent stopping power of the sample for a given energy of the particles. 
If, for example, in 1 g/cm? of aluminuni, a proton loses the same amount of 
energy as in 1.25 g/cm? of the investigated material, then the relative mass 
stopping power of the latter is equal to 0.8. Aluminum, copper or air, and 
recently also argon, are usually chosen as standards. 

The relative stopping powers of various materials for protons, deuterons 
and @-particles are given in Tables 27—30 and are also partly used for the 
curves in Figures 31— 35, Figure 37 shows experimental curves of the 
dependence of the relative electronic stopping powers on log Z (the charge 
of the stopping atoms) for three proton energies. 

It follows from Tables 27—30 that in agreement with the theory the 
thickness of a material with Z>13, whose stopping power is equivalent to 
1 g/cm? of aluminum, decreases with increasing energy. For example, 
the thickness of silver, with an equivalent stopping power of 1 g/cm? of 
aluminum, varies from 3,05 mg/cm? for i 0.1 Mev to 1,27 g/cm? for 
l, = 340 Mev. Different thicknesses of gold and aluminum are required to 
produce the same stopping of protons and azparticles in all energy ranges. 
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TABLE 29 


Relative stopping powers for deuterons 


Brolley /159/'S, 
(relative to air) 
Ts= 8.86 Mev 


Tobnas /132/ S,, 
(relative to aluminum) 
T g= 180 Mev 


Stefan-Thornton /132/ 
Sq (Telative to aluminum) 
T= 190 Mev 


Material 


Hydrogen, H 
Helium, He 
Lithium, Li 
Beryllium, Be 
Carbon, C 
Nitrogen, N 
Air 

Oxygen, O 
Neon, Ne 
Aluminum, Al 
Argon, A 
Iron, ce 
Copper, Cu 
Krypton, Kr 
Silver, Ag 
Tantalum, Ta 
Xenon, Xe 
Methane, CH4 
Carbon dioxide, CO9 
Gold, Au 
Lead, Pb 
Uranium, U 


TABLE 30 


Relative stopping powers for a- particles 


Rosenblum, 
M 433 
Kelly /339/ S,, ae Porat /416/ S,, 
(relative to aluminum) Piabiis (relative to air) 
(relative to 
Material aluminum) 


4,33 
Carbon, C —_ 
Aluminum, Al 0.806 
Copper, Cu = 
Nickel, Ni 0,585 
Silver, Ag 0,439 
Tantalum, Ta _ 
Gold, Au 0, 306 
Bismuth, Bi — 


Thoriuin, Th 
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For light materials (Z < 13), the stopping power relative to aluminum 
decreases with increasing energy, the stopping thickness equaivalent to 
1 mg/cm? of aluminura is always smaller than } mg/cm*. This is im- 
portant in experiments in which moderators which are equivalent in stop- 
ping to aluminum or air have to be used. 

It can be seen from Figure 37 and Tables 27—30 that the relative elec- 
tronic stopping powers for protons, deuterons and a-particles depend line- 
arly on log Z of the stopping materials. Small deviations from linearity, 
showing fluctuations for neighboring elements, are mentioned |.’ the authors 
of /155, 157, 263, 452/. These fluctuations are apparently connected with 
the occupation of the electronic shells and with the phases in transition 
elements (nickel-copper, tantalum-‘thorium). Direct proof of the depend- 
ence of the atomic stopping powers on the phases of the materials was ob- 
tained by Sofftky /469/. He showed that the atomic stopping power of 
graphite for 1.1 Mev protons is 6% higher than that of diamond. 


a9 


FIGURE 37, Relative electronic stopping power versus 
Z /452/, for three proton energies: 12 Mev /477/, 
20 Mev /452/ and 340 Mev /158/ 


The universal stopping-power curve. It was noted in §4, that Lindhard 
and Scharff /360/ proposed to determine the energy losses by the semi- 
empirical function L(x), which is common for all elements. This function 
gives the stopping power per electron in relative units. The method is 
convenient for comparing the mean energy losses for various particles 
and velocities, even in the energy range where the binding corrections 
of the electrons are important (these corrections, as is known, cannot: 
be accurately calculated for the L-,M-, andother shells). Madsen /382/ 
showed that the ionization losses of protons with energies of 0.4—2 Mev 
in silver, copper and gold are well represented by a curve, whose analytic 
expression is given by (4.35), This expression was proposed by Lindhard 
and is based on an extensive analysis of experimental data on stopping 
powers, obtained up to 1953, 
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Burkig and McKenzie /155/, using more recent experimental data on 
the electronic stopping powers /155, 159, 339, 452/, plotted the graph 
of L(x) which differs considerably from the original universal curve ob- 
tained by Lindhard, given in Figure 38 (the crosses represent the experi- 
mental data used by Lindhardin/360/). Thus, L(x) can be used to calculate 
the electronic stopping power for large (x> 10). For small x«(< 10), the 
linear approximation is no longer sufficient. It was also shown in /492/ 
that Lindhard's curve cannot be used for calculating the stopping power in 


materials with Z<20. 
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FIGURE 38, The graph of Lindhard and Scharff: 


©- 20¢2<30 
@- 20<2<50 


1—Sonnet /452/; 2—Teasdale /477/; 3—Kelly /339/; 
4—Brolley and Ribe /159/, 


It has been attempted /174/ to use the Lindhard-Scharff theory for the 
calculation of the stopping powers of complex compounds, in which the 
valency bonds have to be taken into account. 

Stopping powers of complex compounds. According to Bragg's rule, 
the molecular stopping power of complex compounds can be calculated as 
the sum of the stopping powers of its constituent elements 


Emol(* pq Yn) = me, (X) + me, (Y). (5.9) 


Small deviations from this rule may be expected, owing to the variation 
of the wave functions of the external electrons in the formation of the com- 
pound, which should lead to an increase in the mean excitation energy. 

The experimental data generally confirm Bragg's rule, as shownby /296/ 
for the stopping power of chemical compounds for a-particles from natural 
radioactive sources (4— 9 Mev). Garin and Faragg /268/ obtained confirma- 
tion from the study of the stopping of a-particles in silicon, zirconium, 
gold and in their compounds, and so did Ellis et al. /238/, who measured 
the stopping power of polyethylene in the form of a film or gas for the 
a-particles of Po*®(7, = 5.3 Mev). 

Thompson /476/, studying the stopping of fast protons oe 200 — 340 Nev) 
in compounds of carbon, nitrogen, oxygen and chlorine, found that the sum- 
mation rule is fulfilled to within ~1%. Onthe other hand, it was shown in 
/434/ that for proton energies lower than 150 kev, the molecular stopping 
powers of gaseous compounds of hydrogen, carbon, nitrogen and oxygen 
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are lower than the sums of the atomic stopping powers. Jorgensen, study- 
ing the stopping powers of solid compounds of the polyethylene (CH) or 
polystyrene (C,Hg), type, observed deviations from the rule for T,~100 kev. 


TABLE 31 


Experimental values /434/ of the molecular 
stopping powers of some compounds (in units 
of 10-15 ev.cm2/molecule) 


Tp. 
kev 


C,H: | CaH, catty | NH NO | 0 


30 43.4 = 116.0 29.7 as! ae 
40 | 47.4 | 54.4 | 126.0} 32.0 } 32.6 | 47.0 
50 | 49.5 | 57.4 | 133.0} 33.6 | 34.5 | 48.6 
60 | 49.8 | 58.7 | 135.7} 34.6 | 35.7 | 49.9 
70 | 49.2 | 58.8 | 135.5] 34.7 | 36.4 | 50.5 
80 | 48.0 | 58.0 | 134, 4] 34.4 | 36.6 | 50.9 
90 | 46.7 | 56.7 | 133.5] 33.9 | 36.6 | 51.0 
100 ] 45.0 | 55.5 | 134.7] 33.5 | 36.4 | 50.7 
150 | 38.5 | 48.8 | 116.5) 30.1 | 33.2 | 47.0 
200 | 32.9 | 41.4 | 102.0) 25.6 | 29.7 { 42.0 
250 | 29.0 | 36.1 | 89,2/ 22.3 | 26.7 | 37.6 
300 } 25.9 | 32.0] 79.8} 19.9 | 24.1 | 34.0 
350 | 23.5 | 28.8 | 72.2 17.9 | 22,0] 31.0 
400 | 21.4 | 26.2 | 66,3) 16.4 | 20.3 | 28.6 
450 | 19.7 | 24.1 | 61.4] 15.1 | 18,9 | 26.6 
500 | 18.4 | 22.4 | 57.3] 14.0 | 17.6 | 25.0 
950 } 17.2 | 20.9 | 53,9] 13.1 | 16.6 | 23.5 
600 | 16.2 | 19.6 | 51.0] 12.3 | 15.7 | 22.2 


Thus, at high energies of the charged particles the stopping powers of 
complex compounds can be determined from the stopping powers of their 
components (see, for example, Table 35). For low energies, it is prefer- 
able to use the experimental values for the molecular stopping powers. 


TABLE 32 


Experimental values* /157/ of the moleculer 
stopping powers of some compounds (in units 
of 10715 ev-cm2/ molecule) 


woh Calcium 
Tp, kev Lithium flu-) sifuoride, 

oride, LiF CaFo 
23.0 _ 
25.7 66.8 
26.4 69.4 
26.0 69.0 
24,2 66.0 
22.4 61.4 
21.0 57.2 
19.2 50.2 
17.9 46.2 
16.7 43.6 
15.6 41.6 
14.4 39.6 
13.5 38.0 
12,7 36.7 
12.2 85.6 


Tables 31—35 give the corresponding experimental data for low-energy 
protons. Useful semi-empirical expressions /281/ are given describing 


* Calculated by Bragg's rule from the experimental /491/ and calculated /447, 288/ data on the 
stopping powers of carbon and hydrogen, 
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the stopping power of plastic scintillation crystals (CH, 195 ) for fast charged 
particles with energies of 1—150 Mev: 


<= 17.91 x — 0.448, (p) 


dE 
Te — 24.41 x — 0.448, (d) (5.10) 


dE 
< = 29.30.x — 0.448, (2) 


oa = 71.64 x — 0.448, (a) 


where x is the thickness of the material, g/cm?; the type of the charged 
particles is indicated in brackets. 


TABLE 33 


Mass stopping power of mica (niuscovite) for protons, according 
to the experimental data of /132, 340, 382/ 


Tp Cry, 
kev 


Cm: 
Mev-cm2/g 


Tos 
Mev-cm2/g 


kev 


Ty, 
kev 


312 


TABLE 34 


Experimental values /368/ of the mass stopping powers (Mev-cm /g) of some 
plastics for protons and a-particles 


Poly- Polyethy- Poly- Polyethy- 


Tp styrene lene Plaiolit | 7q, styrene lene orig 
kev CH Cato, | S-5A | KEY | CH CrHon 
25 0.806 — _ 35 — 0.98 ~— 
30 0,864 — — 40 0.96 1.07 1.05 
32 — 0.984 —_ 30 1.10 1.22 1.17 
40 0.931 1.040 — 60 1.21 1.33 1.26 
30 0.973 1.083 — 70 1,30 1.43 1.34 
54 —_ 0.984 80 1.39 1.52 1.41 
60 ().994 1.108 1.006 90 1.46 1.60 1.48 
70 1.002 .119 1.024 100 1,53 1.67 1.54 
80 0.998 119 1.028 120 1,63 1.81 1.66 
90 0.992 1,105 1,023 140 1.74 1.92 1.77 
100 0.978 1,083 1.010 160 1.83 2,03 1.87 
120 0.926 1.034 0 968 180 1.92 2.12 1.96 
140 0.879 0.990 0.915 200 2.00 2.22 2.05 
160 0,832 0.946 0.866 225 2.11 2.33 2.15 
180 0,780 0.900 0.823 250 2.20 2.43 2.25 
200 0.738 0.856 0,786 275 2.29 2.52 2.34 
225 0.689 0.804 0.743 300 2.36 2.61 2.43 
250 0.644 0.755 0.704 320 2.43 2.68 2.0 
275 0.604 0.711 0,669 340 2.49 — _ 
0.578 0.676 0.635 — —_ — — 
325 0.551 9.648 0 604 — — — ~ 
335 0.540 0.640 0,592 — _— _ — 


TABLE 35 


Mass stopping powers of some organic compounds 
(kev-cm*/g) for protons* 


cite Polyethylene} Anthracene eB pineae 
pee C,H, Cy Hy : 
} 279 
2 168 
3 123 
4 2. 98 
5 ‘ 82 
6 ; 71 
7 ; 63 
8 : 06 : 
9 é 51 
14.1 46.6 
10.8 43 
37.9 40 
35.5 37.4 
33.3 35.2 
31.6 33,2 
29.9 = 
28.5 = 
27.2 — 
26.0 = 
25.0 = 
20.7 = 
17.9 re 


* See footnote to Table 32. 


Experimental data on the distribution of the energy losses of heavy 
charged particles. The mean energy losses of heavy particles are often 
equal to the most probable losses, and they are distributed according to 
a gaussian curve with a half-width o,, determined by (4.43) or (4,45). 


TABLE 36 


Experimental data on the distribution of the 
energy losses of low-energy protons /382/ 


S topping 


in nickel | in copper 


de rx ders 
Tp, kev dx Ty. kev dx ' 
kev?/ing/cn® kevt/mpsemns 


Thus, for example, Madsen /382, 383/ and Chilton et al. /212/ have shown 
that the experimentally obtained parameter cs, for low energy protons 

(T, < 2 Mev) passing through sufficiently thick layers satisfies Bohr's simple 
relation (4.44) 

Table 36 gives some results of Chilton's measurements. From these an 
estimate can be made of the order of magnitude of the distribution of energy 
losses for protons of relatively low energies in ''thick" foils of nickel and 
copper. 
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It was shown in / 234/ that the energy distribution of a-particles passing 
through mica and aluminum is in agreement with the formulas of Livingstone 
and Bethe (4.43) — (4.45), 

The experimental distribution of the energy losses of heavy particles in 
"thin" layers of a stopping material is well described by Landau's formula 
(4.47). Eisberg et al. /312/, investigating the statistical fluctuations of 
the ionization energy losses of fast protons (31--37 Mev), have shown that 
as the thickness of the target is reduced, a gradual transition from a gaus- 
sian (symmetric) to the Landau energy loss distribution is observed, 


S$ 3 88 


~~ 
s 8 


Counts per unit amplitude interval 


) 22.26 30 J4 BB <2 


pulse magnitude, units 


FIGURE 39, Experimental distribution of the energy 

losses of protons with an initial energy o:1 37Mev 

after passing 10cm in argon at 0,2atm pressure in 
a proportional counter /261/; 


1—Poisson distribution of the energy losses; 2—dis- 


tribution of the energy losses according to Landau's 
theory; 3—experimental points. 


The experimental distribution of pulse magnitudes in a proportional 
counter filled with argon at 0.2 atm for 37 Mev protons is shown in Fig- 
ure 39. The experimental data are in good agreement with the theory de- 


veloped by Landau. 


§6. Experimental data on the relation between range 
and energy for fast protons and for a-particles 


The basic mechanism of energy losses of fast protons and a-particles 
in a wide energy range is by inelastic collisions with electrons in which 
the particles lose small amounts of energy and do not suffer appreciable 
deviations from their direction of motion. This provides a well defined 
correspondence between the initial energy of the particles and their mean 


range in the material. 
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The importance of range-energy relations reaches far beyond the exami- 
nation of the applicability of the classical and quantum mechanical stopping 
theories (§ 4). These relations are used in nuclear and in elementary parti- 
cle physics for the determination of particle energies, and together with 
measurements of specific energy losses or other independent parameters — 
for the determination of the mass and charge of particles (§ 10). 

The first attempt to establish the range-energy relation was made by 
Geiger, who already in 1910 investigated this relation for a-particles in 
air. Extensive theoretical and experimental material on the ranges of 
protons and a-particles in various elements has since been accumulated, 
and more accurate relations were »btained. 

Theoretical relations between range and energy. The mean length of the 
path, along which the, energy of a particle with mass M and charge ze de- 
creases from 7, to 7;, can be calculated by the Bethe-Bloch formula as 
follows: 


‘ } m 
sR — (Taey = mew f°) (6.1) 
(a) 


> 


where F(v)is a function depending on the velocity of the particle at the 
beginning and end of the path. 
Thus, the mean range of a particle in a given medium is proportional 


to the product of a and some function of the initial velocity of the particle. 


Owing to the failure of the Bethe-Bloch formula at low energies which is a 
result of the influence of atomic collisions and charge exchange, the integra- 
tion in (6.1) cannot be performed up to 7,=0. In order to calculate the 
mean range of particles with energy 7, the following relation is used: 


T 
air) = Rim) + far(— Fae) (6.2) 


where R(7,) is the experimental value for the range of a particle with energy 
T,, for which the influence of charge-exchange collisions (§ 7) is negligibly 
small. The lower limit for protons can be taken at 7,~1.5 Mev, and for 
a-particles at 7,~5 Mev. ) . 

Using the calculated values of = (see Figures 18 — 23) and the experi- 


mental values of the mean range of protons with T,= 2 Mev, Sternheimer 
/447/ calculated according to (6.2) the relations between the proton ener- 
gies and their mean range in beryllium, carbon, aluminum, air, copper 
and lead. The values of R(7)) =R (2 Mev) were determined from experi- 
mental data /156, 359/, 

The results of the corresponding calculations by Sternheimer are re- 
presented by the solid curves in Figures 40—48*, 

The range-energy relations of protons in gold and silver (Figures 40—41) 
were taken from the data of /156/. ‘The broken curves in Figures 40—43 


“ 


Later, Sternheimer (Phys, Rev., 124, 206, 1961) observed that he used too large values of Ay) and 
(ippy in his calculations, The proton ranges in copper and lead given in Figures 46—48 are therefore 
somewhat overestimated (by ~2% for copper and by ~4% for lead at T p= 200 Mev). 
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represent Smith's /449/ data, who used fia) = 190 ev and did not take into a 
account the density and electron binding effects in aluminum. 

In Table 37 a comparison is made between the experimental and calcu- 
lated values of ranges and energy losses of protons in aluminum. The 


60 = as Bee 
WY | 
: NVAUY eae 
¢ JIA ae ae ee 
AA Sa SE 
ie Vy BA a Oe 
f ¢ 3 
: AYA Hiss ae 
12 “ aim | | 
; duee ay, 
NX ¢ v. | 
Le Att YT 
My TT THA 
1 - 
qt uaa 
; TTT = 
, eae 
; TT tt —t+- hoc 
ptt HH tH ma 
89 


NN 


S120 2 §$ 42567 10 1215 20 Wlel 2 Q 4€ $6 78390 
Ib -Mev Ip. Mev 
FIGURE 40, Mean range of protons in carbon, FIGURE 41, Mean range of protons in aluminum, 
aluminum, silver and gold /156, 447/; l= silver and guid /156, 447/; 7) = 10-10% Mev: 
= ]—20 Mev, The experimental valnes of the 1--/291/; 2—/156/; 3—/28/; 4—/246/; 5- 
mean ranges are represented by the points: /219/; 6—/161/ 


1—/291/; 2—/156/; 3—/456/ 


calculations were performed by Bichsel and Uehling /171/. /4,= 163 ev 
was taken in the calculations. The experimental values of R(Al) were ob- 
tained by Bichsel /156/. 

The calculated values of the proton ranges for T>10°% ev are more of a 
mathematical rather thanofapracticalimportance. Infact, inpassinga thick- 
ness R, corresponding to R, (10° ev), the proton beam is very strongly at- 
tenuated (§ 3) due to nuclear interactions. R, (10° ev) corresponds to ap- 
proximately four mean free paths for nuclear interactions. However, the 
calculated data for the proton ranges with 7,= 1— 100 Gev can be used for 
the calculation of meson ranges (see below). 
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The solid curves in Figures 49—50 represent the calculated results 
/154/, of the proton ranges in Ilford G—5 phtoemulsion (p = 3.185 g/cm’, 
n= NZ =1.04-10%4 cm“3). In the calculation £,,= 331 ev was taken, and 
the corrections C and ¢in (4.42) were obtained from the calculations of 
— and Sternheimer (§4)*. In Figures 49—50 the abscissas are the 
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FIGURE 45, Mean range of protons in beryllium, FIGURE 46, Mean range of protons in air /447/: 
copper and lead /447/; Ty = 10? Mev—1.5-103 Mev, r, = 1]—20 Mev 


Experimental data taken from; 


1—/49/; 2—/384/ 
reduced values of the kinetic energy of the charged particles t= a (M, — 
ad 


= 938 Mev is the rest mass of the proton), and the ordinates are the ranges 
of charged particles with a charge z and mass M: 


z2R 


1.2107? 2?, (6.3) 


A= 


where M is the mass of the particle in units of the proton mass; 
Ris the range of a particle with energy T. 
The second term in (6.3) allows for differences in charge-exchange condl- 
tions at the end of the range (see beiow). 
To obtain the theoretical relations between range and energy of protons 
in other materials with a given /, not shownin Figures 40—48, sternheimer 


¢ ‘The theoretical values of the stopping power of the emulsion and the range-energy relations were also 
calculated in /490, 178/. 
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proposed /455/ the expression 
R(T,, I)=R (2 Mev, I + fe OT, (146, + + G,)s (6.4) 


where R(2 Mev, /) is the experimental value of the range of a proton with 
2 Mev energy in a material with mean excitation 


potential J; 
Zand A are the atomic number and atomic weight of the ma- 
terial; 


®(T,)=—2- |R(7,) —R(2 mev) | 
| Vv 
X= lOg 16 ey == 10219 (“tee”) 


Expression (4.44) and the numerical values of the coefficients G, depending 
only on 7,, were obtained in this formula by interpolation of the theoretical 
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FIGURE 47, Mean range of protons in air /447/; FIGURE 48. Mean range of protons in air /447/; 
T, = 10—10" Mev T, = 102 Mev—1,5-105 Mev, 


raltions between the range and energy for beryllium, aluminum, copper ~ 
and lead (see Table 37 and Figures 40—45). The numerical values of the 
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coefficients necessary for calculations according to (6.4) are contained 
in Table 38. 


TABLE 37 
Theoretical and experimental mean energy losses and ranges of protons in alumi- 
num /171/ 
~He),.u | -F) 
Tp, Mev p\dx hes p \dx exp* Riheor Rexp 
Pe ce a eg ee Oe ee pe mS, eee pe Ey 
Mev-cm4/g | mg/cm? 


Prt dbbrd bbb da 


eee Ae 


0.1 

0.15 

0.20 

0.25 

0.30 

0,35 

0.40 

0.50 

0,60 

0.70 

0,80 

0.90 

1,00 1S 3.87 
1.2 38 5.16 
1.4 74 6.59 
1.6 29 23 8.14 
1.8 119 85 9 ,82 
PR! Wl 11.60 11,59 
3.0 83.2 - 22.15 22,18 
40 67.6 — 35.56 35.55 
9.0 57.3 — 51,70 51 64 
6,0 50.0 _ 70,42 70,31 
7.0 44.5 —_ 91.64 — 

8 0 40,2 _ 115.3 — 
9,0 36.8 — 141.3 — 
10,0 33.9 ~ 169.6 —_— 
12,0 29.5 — 233, 1 233 .2 
14.0 26.1 — 305.3 — 
16,0 23.5 = 386 .0 —_ 
18,0 21.5 — 475.1 476.0 
20,0 19.8 — 572.3 — 


* See /491/ and Figure 32, 


We give an example of the use of the interpolation formula /455/. 

Let us determine the proton ranges with 50 and 100 Mev energy in silver. 
The following experimental values /,,,= 586 ev /155, 156/ and R(2 Mev) = 
= 0.0263 gliem? /156/ are used. For 50 Mev protons we obtain from Table 
38 G,= 0.397, G,=0.157, G,;=0.093 and, consequently, G= 1.2799. For 


®,, = 2.811 g/cm? and at = 0.8713, the second term on the right hand side 


of (6.4/ is equal to 4.125 g/cm’. Adding R(2 Mev), we obtain R,, (50 Mev)= 
= 4.155 g/cm*. Similarly for r= 100 Mev we have G=1,2443 and R= 
= 13.79 g/cm?. 

Connections between the ranges of protons and other heavy charged 
particles. The theoretical relations between range and energy for protons 
can be used for other heavy particles. According to (6.1), the range R,,, 
for particles with mass M and charge ze is expressed in terms of the proton 
range in the same medium as follows: 


M 
Rew (T) = Fe R, (ae r), (6.5) 


9] 


where R, ( 
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T is the range of a proton with the reduced energy 7a is 


T, Mev (11 


A. cm (II) 


T, Mev (1) 


liford G-5 photoemulsion with p= 3.185 g/em?, Ex- 


perimental points from /154, 246, 219, 297/: 


1—/154/; 2—/287/ 


FIGURE 50, Reduced ranges of charged particles 
in photoemulsion /154, 287/: 


1—/154/, 2-/246/; 3—/219/; 4—/297" 


This relation is correct, if the particles have the same charge-exchange 
conditions at the end of their path. 
mean ranges of the hydrogen and helium isotopes are 


R,(T) = 1.999 R,{ 
R, (T) = 2.993 R,( 


Ry.,(7) = 0.753 Ry. ( 


Fo 


r example, the relations between the 


T T : 
roar) & 2R, (=): e8) 
T T oe 

7) == 3R, (-) ae 

T 4 

738 | =I Rue, (+7): (6.8) 


Similarly, the meson ranges are expressed in terms of the proton ranges by 


R,(T) = 0.114 R, (8.8 7), (6,9) 


R,(T) =0.149 R, (6.7 7), 


1246 
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and the reiation between the ranges of x-mesons and #-mesons by 


R,(T) = 1.31 R, (ar); (6.11) 


1.31 


The relation between the ranges of particles with different charges can 
be obtained by taking into account the difference in charge-exchange for the 


TABLE 38 


Numerical values of the functions G,, G,and ®ai in (6.4) 


® p 
7 Mevi G, Gs G3 Al, T. ,Mev G G G Al? 
‘ g/cm P : : : g/cm* 
3 0.634 0.450 10.495 | 0.01016 375 | 0.295 0.085 0.055 91.16 
4 10,595 |0.379 |0.468 | 0.02313 400 | 0.293 0.083 0.054 | 107.09 
5 10.570 10,336 {0.436 | 0.0387] 450 | 0.288 0.081 0.053 | 121.89 
6 [/0.551 [0.307 |0.404 | 0.05681 500 | 0.285 0.080 0.051 | 143.54 
7 10.537 10.285 {0.378 | 0.07734 550 | 0.282 0.079 0.049 | 166.19 
8 0.525 10.269 10.353 | 0.1102 600 | 0.279 0.078 0.047 | 189.65 
9 {0.515 10.257 10.330 | 0.1254 700 | 0.273 0.077 0.045 ] 238.6 
10 {0,507 '0.217 10.309 | 0.1528 800 | 0.268 0.075 0.044 | 289.8 
12 {0.493 }0.229 [0.278 | 0.2142 900 | 0,264 0.074 0.042 | 342.8 
14 {0.481 10.218 0.250 | 0.2841 1000 | 0,259 0.073 0.041 | 397.2 
16 40.472 10.211 10.225 | 0.3622 1250 | 0.251 9.071 0.010 | 537.6 
18 0.464 j0. 204 0.205 | 0.4484 1500 | 0,243 0.068 0.039 682.2 
20 {0.457 (0.198 [0.189 | 0.5424 1750 | 0,236 0.066 0.038 | 829.4 
22.5 {0.449 (9.193 10,172 | 0.6708 2000 | 0,231 0.064 0.037 | 977.9 
25 (0.442 0,188 |0,158 | 0.8108 2250 | 0,226 0.063 (0.035 } 1127.1 
27.5 {0.436 |0,183 10,146 | 0.9625 2500 | 0,222 0.062 0,033 | 1276.6 
30 {0,430 j0.180 10,136 | 1.1253 2750 | 0.218 0.061 0.030 |} 1426.1 
35 10.420 2.473 10,120 | 1.4839 3000 | 0.215 0.060 0.029 | 1575.5 
40 |0,412 |0.166 ]0.109 | 1.8855 3500 | 0.209 0,058 0.024 | 1873.1 
45 : 0.161 {0.100 } 2.328 4000 | 0,205 0.057 0,020 | 2169 
50 10.397 [0,157 10.093 | 2,811 4500 | 0,200 0.056 0.017 | 2463 
55 = 10.391 {6.152 [0.088 | 3.333 5000 | 0,197 0,056 0.013 | 2754 
60 [0.385 [0.148 10.084 | 3.894 6000 | 0,190 0.055 0.007 | 3331 
65 {0.380 10.144 |0.081 | 4.491 7000 | 0,185 0.054 0.002 | 3900 
70 0,376 10.141 10.078 | 5,124 8000 | 0.181 0.054 | —0.002 | 4463 
75 10.372 ]0.138 |o.076 | 5.793 9000 | 0,177 0,053 | —0.007 | 5019 
80 0,368 j0,136 0.074 | 6.496 10000 | 0.174 0.053 | —0.011 | 5569 
90 {0.361 10.131 |0.071 | 8.003 12500 | 0,168 0.054 -—0.019 | 6924 
100 {0,356 10.127 10.068 | 9,639 15000 | 0,163 0.054 | —0.026 | 8255 
110 10,350 10.123 |0.066 | 11,400 17500 | 0,158 0,054 | —0.032 | 9564 
120 10,345 10.120 [0.065 | 13,280 20000 | 0.155 0.055 | —0.037 | 10 857 
180 10,341 10.117 10,064 | 15.276 22500 | 0.152 0.056 | —0.042 | 12 135 
140 {0,338 [0,114 [0.063 | 17,381 25000 } 0.149 0.056 | —0,046 j 13 400 
1500 10.334 10.112 10.061 | 19,593 27500 | 0,147 0.057. | —0.050 | 14 655 
160 0,331 10,110 j0.060 | 21,9! 30000 | 0,145 0.057 | —0.054 | 15 900 
180 [0,326 10,106 10.058 | 26,83 40000 | 0,139 0.060 | —0.065 | 20 797 
200 {0,321 10,102 10.057 | 32.13 50000 | 0.134 0.062 | —0.074 | 25 594 
225 {0.316 10,098 10.057 | 39,24 60000 | 0,131 0.064 | —0.082 | 30 316 
250  |0.311 |0,095 j0.057 | 46,85 70000 | 0.128 0,065 | —0.088 | 34 978 
275 0.307 10,092 0.057 | 54.92 80000 | 0.126 0,066 | —0,093 | 39 589 
300 10.303 {0,090 [0.057 | 63.41 90000 | 0.124 0.067 {| —0,097 | 44 158 
325 10,300 10,088 10.056 } 72,30 100000 | 0.122 9.069 | —0.101 | 48 691 
350  |0.297 10,086 10.055 | 81.56 


two kinds of particles. This cannot always be done, It has been established, 
for example, that the effectivetcharge of a-particles begins to deviate from 
+2 at velocities higher than the velocity at which the proton charge deviates 
from +1. Thus, one should expect shorter ranges for protons and deuterons 
than for a-particles of an equivalent velocity. Tne reduction in the proton 
range in air, according to Blackett /180/, is 0.2 cm for T > 500 kev, 


R,(v) = | oven / (Fr), )% (v) —0.2 cm= 1.007 R, —0.20cm. (6.12) 
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In the general case of an arbitrary stopping medium we have 
R, (T) = 1.007 R, (3.972 T) — Coa (6.12a) 
where for air C, is 0.2 cm (7T>0.5 Mev), 0.13 cm for T= 0.1 Mev and 


0.02 cm for T= 6.7 kev /213/. 

According to (6.3), for an emulsion C, = 4.8 -10-°cm other authors /178/ 
give C=4 10°°cm (7.=3—11 Mev). 

Statistical scatter of the ranges of heavy charged particles. As a result 
of statistical fluctuations of the ionization energy losses (see §4), the ranges 
of charged particles with the same initial energy are scattered about the 
mean range R, determined by the Bethe-Bloch formula. 


TABLE 39 


Theoretical values /448/ of the relative scatter of protons, % 


Carbon [Aluminum Copper 
Cc Al Cu 


Beryllium Lead 


T, »Mev ah 


tno 
| 
O == 


| 

| 

] 
1.498 
10 1,382 1.424 1.597 1,749 1.994 1.452 
15 1.322 1.357 1.507 1.667 1.865 1.376 
1.286 1.315 1.450 1.609 1,828 1.335 
25 1,259 1,285 1.408 1.562 1.783 1,304 
30 1.238 1,263 1.377 1.526 1.742 1.280 
40 1.206 1.230 1.330 1,468 1,674 1,244 
50 1.183 1,203 1.297 1.425 1.619 1,218 
60 1.165 1.183 1.271 1.390 1,571 1,197 
70 1.149 1.166 1.249 1,363 1.536 1,180 
80 1.135 1,152 1.231 1.339 1.505 1.165 
100 1.112 1.128 1,201 1.300 1.464 1,141 
120 1,094 1,109 1.178 1.271 1.431 1.121 
14Q 1.078 1,093 1.157 1,245 1.401 1,104 
16C 1,065 1.078 1.140 1,225 1.376 1 087 
200 1,041 1.054 1.112 1.190 1 333 1.060 
250 1,017 1.029 1,084 1.155 1.289 1,036 
300 0.997 1,009 1,060 1,127 1,254 1,016 
350 0.980 0.991 1,040 1,104 1,225 0,999 
400 0.966 0,976 1,023 1.085 1.200 0.984 
500 0,942 0.952 0.996 1.052 1,160 0.959 
600 0.924 0.932 0,974 1,028 1,127 0 939 
800 0.897 0,904 0.943 0.991 1.081 0.909 
1000 0.879 0,896 0.921 0.966 1.049 0.889 
1500 0.856 0.852 0.891 0.928 1 002 0.860 
2000 0.850 0,855 0,882 0.915 0.981 0.850 
2500 0.853 0,857 0.882 0.913 0.973 0,849 
3000 0.860 0.864 0.888 0.917 0.972 0.853 
4000 0.881 0.884 0.907 0,933 0.982 0,869 
5000 0.907 0.910 0.931 0.957 1,000 0,889 
7000 0.964 9.985 0.985 1,010 1,047 0.935 
10000 1,048 .049 1,067 1,092 1,122 1,005 
15000 1.178 1,179 1.195 1.220 1,244 1,115 
20000 1,295 1,295 1.311 1,336 1.357 1,214 
25000 1,401 1,401 1.416 1,442 1,460 1.304 
30000 1.499 1.498 1,512 1.540 1.555 1.384 
40000 1,674 1,674 1. 1.716 1.727 1,508 
60000 1.969 1.968 1.979 2.013 2.018 1.772 
80000 2.214 2.212 2.223 2.260 2.262 1,983 
100000 2.426 2.425 2.435 4.475 2.475 1.168 


The range scatter is described by the square of the range fluctuation 


OR sa A (x = R)? > mean, 


where R is the mean range determined by formula (6.1). 
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If we assume that the range scatter is represented by a gaussian dis- 
tribution, then the value of on can be determined by 


TABLE 40 


Theoretical values /448/ of the relative scatter of the ranges of u-mesons, % 


T,,  |Beryllium} Carbon ee Copper Lead | Aa 
Mev Be C Al Cu Pb 
0.225 | 5,081 5,066 5.866 6.835 7.927 5.904 
0.450} 4.621 4.862 5.408 6,052 6.948 5,005 
0.676 | 4,379 4.550 5.127 5.088 6.520 4.662 
0.901 4.229 4,371 4.917 5.302 6.198 4.467 
1.126 | 4.120 4,244 4.761 5.213 9.944 4.328 
1.689 | 3,941 4,044 4.491 4.968 5.558 4,101 
2.252 | 3.834 3.921 4.322 4.798 5.448 3.981 
2.815 | 3.753 3,83) 4.197 4,657 9.315 3.888 
3.378 3.690 3.764 4.104 4.548 5.192 3.815 
4.50 3.596 3,666 3.966 4,375 4.99] 3.709 
5.63 3.527 3.587 3,867 4,247 4.826 3.630 
6.76 3.472 3.527 3.788 4.144 4.693 3.569 
7.88 3.425 3.477 3,724 4.063 4,580 3.519 
9.01 3.384 3,435 3.670 3.992 4,487 3,474 
11.26 3.316 3.364 3,580 3,876 4.365 3.401 
13.51 3,260 3.306 3.511 3.788 4.265 3.341 
15.76 3,214 3.258 3,450 3.713 4,178 3.290 
18.02 3.174 3.214 3.399 3. 652 4.102 3.240 
Qn. 52 3.104 3.142 3.315 3,548 3.972 3,160 
28.15 3,031 3.069 3.23] 3.442 3.844 3.090 
33.78 2.973 3,006 3.161 3.360 3.737 3,029 
39.4 2.922 2.995 3.101 3,291 3,653 2.977 
45.0 2.878 2.910 3.050 3.234 3.577 2.932 
56.3 2.809 2 837 2.970 3.136 3.456 2,858 
67 .6 2.754 2.780 2,904 3,064 3.360 2.798 
90.1 2.673 2.695 2,809 2,953 3.221 2.709 
112.6 2.621 2.641 2.744 2.879 3,124 2.648 
168.9 2.536 2.553 2.641 2.749 2.969 2 549 
225.2 2.9511 2.526 2.607 2.703 2.900 2.512 
281.5 2.515 2.526 2,602 2.692 2.871 2,504 
337 8 2.530 2,542 2.614 2.699 2.864 2,511 
450 2.586 2.596 2.661 2.740 2.884 2,548 
963 2.655 2,663 2,725 2.800 2.930 2.600 
788 2.803 2.808 2.867 2.938 3,048 2.719 
1126 3.022 3.025 3,079 3,150 3,239 2,899 
1689 3.350 3.304 3,400 3. 471 3.042 3.171 
2252 3.633 3.635 3,679 3.753 3.812 3.408 
2815 3.882 3.881 3.923 4,000 4.051 3.614 
3378 4.101 4.100 4.140 4.218 4,264 3.795 
4504 4.475 4.475 4,510 4.592 4.628 4,103 
6756 5.044 5.041 5,072 5,163 5,182 4.565 
9008 5.461 9.457 5.487 5.584 5.997 4,904 
11260 5.786 | 5.783 | 5.813 | 5.913 ! 5.921 | 5.174 


Taking into account (4.45) and the relativistic corrections we have 


B2 
ia -3 
Gp = 4nz’en ee Sone a o* KdaT, (6.13) 
6 = (if) (44 3 1) 


where 7 == (1— §) ? is the relativistic transformation factor; 


UV 
B=—; 


M is the mass of the heavy particle; the rest of the notation is the 


Same as previously. 
Tables 39 and 40 give the values of the relative scatter of the ranges of 


6 
protons and p-mesons in percent, i.e., the values of S$, = 100 oz In the 


calculations of /448/, (6.13) and the calculated values of dE/dx were used 
(Figures 18— 22). 

The calculations for protons and p-mesons were performed separately, 
ae 
Me? 
range where this dependence does not exist, the values of S, for other heavy 
particles can be obtained from Table 39, by 


Sy, (B) =S, (8) (7). (6.14) 


i.e., the relative scatter S of the ranges, or the straggling parameter a 
for protons is twice as large as the corresponding value for a-particles 
of the same velocity. 


Since for > od range straggling begins to depend on eal In the energy 
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Absorber thickness 


FIGURE 51, Integral (a) and differential (b) 
transmission curves of charged particles; 


R—mean range; Rya—the range, extrapo- 
lated from the transmission curve; a—the 
parameter of the range scatter, 


It also follows from Table 39 that the relative scatter of the ranges is 
almost independent of the Z of the stopping material. The quantity S, like 
dE 
ax’ 

If we take into account only the range scatter determined by the statistical 
nature of the energy transfer to the electrons in individual collisions, then 
the distribution of the ranges, resulting from this scatter, should be re- 
presented by a gaussian distribution 


= Tr 
has a minimum for zy-~2.9—3. 


P( \d I _ (2-Ry q 
x x = é = x, o 
Vz (6.15) 


a 


where 
a? = 205 ‘ 


In a more rigorous approach to the problem, it is also necessary to 


take into account the small deviations from the gaussian distribution which 
are caused by nuclear collisions and multiple scattering. 
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Experimental methods for the determination of ranges and of range 
straggling. Usually (see, for example /93, 161, 272, 451/) the mean 
range is determined from the transmission curve of particles with the 
same initial energy through a foil of the material being investigated. 
For a given particle energy 7, the absorber thickness is gradually in- 
creased and the number of particles passing through the absorber is 
measured as a function of the thickness. For heavy particles witha 
charge z~1(protons, a-particles), a typical transmission curve is 
shown in Figure 9Sla. From the integral transmission curve the mean 
range R and the extrapolated range R, are calculated. The mean range 
R is defined as a thickness of the material which absorbs half the pro- 
tons, or better, as the thickness corresponding to the maximum of the 
differentiated transmission curve (Figure 51b). The extrapolated range 
R, is cbtained from the integral curve by extrapolation from the point of 
the curve corresponding to the mean range R. 

When the experimental geometry is ideal (very thin slits forming the 
beam, small energy scatter in the initial beam) the following relation ex- 
ists between Rand R,, in agreement with (6.15), 


R,=R+ a a=R-S, (6.16) 


The quantities S and «, are related by 


_ Vr = (6,17) 
S= 5) a = re 


(a is the straggling parameter; s,is the mean square range fluctuation). 
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Specific ionization, relative units. 


specific ionization, relative uni 


@ -particle range, cm 


FIGURE 52, Bragy's curve near the end of the 
a-particle range: 


R;—the extrapolated range from the ionization; 


Rivay —the maximum range, 


For the a-particles of Po?!° (7,= 5.3 Mev), the mean range in air is 
R=3.842 cm, and the extrapolated range R,= 3.879 cm, i.e., 1.4% larger. 
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For a-particles with a mean range in air of ~10 cm, S is approximately 
0.13 cm. 

In practice, as will be seen below, owing to the crude experimental 
geometry, i.e., the energy scatter in the primary beam and the influence 
of the highly-multiple scattering, the experimentally obtained straggling 
parameter ais larger than the theoretical one. 

There is another possible method to determine Rfrom the passage of 
the particles. In the experiments of Bichsel /156/ the thickness of the ab- 
sorber was fixed and the energy of a well-collimated proton beam was con- 
tinuously varied. The energy 7, at which half of the incident protons have 
passed a given absorber thickness R, was taken as the energy corresponding 
to the mean range. 

In certain cases (for example, for gaseous absorbers) it is possible to 
measure the ionization produced by the particles along various sections of 
their path /285, 322/. ; | 

From curves, relating the ionization and the range (Bragg's curves) the 
range R, extrapolated from the ionization was determined (Figure 52). The 
following relation was derived between the mean range of a-particles and 
the range extrapolated from the ionization in air: 


R=R,—0.47a + 0.006 cm air. (6.18) 


R, for the z-particles of Po?!® is 3.87 cm, i.e., 0.7% larger than the mean 


range R, which is 3.842 cm of air. For the a-particles of RaC' (Po!) with 
7,= 7.68 Mev, the range extrapolated from the ionization is 6.95 cm of air. 

In order to measure the ranges of high-energy (= hundreds megaelectron- 
volts) protons the ionization obtained in two identical chambers between 
which the investigated substance is placed, is measured /49, 384/. 

The ratio of the ionization currents in the two chambers as a function of 
the absorber thickness leads to Bragg's curve. Mather and Segré /384/ 
showed that the mean range of protons corresponds to the ordinate on the 
Bragg curve 7-=0.8(7*) where /, and /, are the ionization currents in 
the first and second chambers. 

The mean range determined from the experimental transmission curve 
or from Bragg's curve cannot be directly compared with the theoretical 
mean range. Whereas the mean range, which is calculated from the ioni- 
zation energy losses, is the total mean length R of the path traversed by the 
particle in the medium, in the experiments of the type indicated above one 
actually measures the mean effective range, which is the distance ¢ along a 
straight line drawn between the positions of the particle before and after the 
absorber. Due to highly multiple scattering (§ 4)*, the total mean path 
length of a particle in a substance will be larger than the mean effective 
range 


R=t++ > e Att | <8? >mea at; (6.18a) 


* At very high particle energies one should also take into account the difference between the true and 
effective ranges which is increased due to the formation of mesons (§ 3), and to fluctuations in the 
formation of 8-particles, 
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where @ is the angle between the direction of the incident beam and the 
direction of motion of the particles after the é-th collision; 
@? is the square of the multiple scattering angle. 
The theory of the problem was worked out by Pomeranchuk /88/ and by 
Bichsel and Uehling /171, 172/. According to Pomeranchuk for high-energy 
particles the value of AR=(R—1f)can be calculated approximately by 


2 
AR=t ca ee ee (E+M), (6.19) 
137 mm (E — M)? Ly (Ey) 4EM 


where Z is the atomic number of the absorber; 
E is the total energy of the incident particle; 


E, =m (4n137)” =21 Mev: 


M is the rest mass of the incident particle; 
L,is the radiational logarithm; 
L, is the ionization logarithm. 


Values of as , calculated by (6.19) for some stopping materials are 


given in Figure 53, 


FIGURE 53, Correction curves for multiple scat- 
tering to the experimental range for particles with 
rest mass m= 100p asafunction of the total energy 
of the particles; E in units of p= 0,5 Mev/88, 49/ 


Mather and Segré /384/, substituting in (6.18) Williams' approximate 
expression /505/ for <0?>_.,, and assuming R= 7'5 | found 


AR 


R = ao (6.20) 
However, Bichsel indicated that the problem can be solved only within the 
framework of a more rigorous theory of multiple scattering. From 
Moliere's theory, he obtained an expression for the parameter which de- 
scribes the range scatter for multiple scattering 


E 
1 6? BdE ”) 
AR, = > is (6.21) 
x0 dx 
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where @,and B are quantities used in Moliere's theory (see § 2). 

There is also a range scatter connected with the statistical fluctuation 
of the energy Josses which is well represented by the gaussian curve (6.15). 

Thus, the experimentally observed distribution is 4 superposition of two 
distributions, described by the parameters 4R, and a. 

For experiments in which the range is determined from the transmission 
curves for a fixed absorber thickness and variable energy of the incident 
beam /156/, it is necessary to introduce corrections for multiple 
scattering. These corrections can be obtained from Figure 94, which gives 
the fraction of protons pas3ing through the absorber, for which the mean dif- 
ference between the true and the effective path length exceeds 4R. The 


quantity — = indicates the relative importance of the normal range 


pon Ge 
straggling with respect to the straggling in multiple scattering. 


10 
f 


FIGURE 54, Curve of protons transmission for various § 
showing the ratio of the scatter parameter of energy 
losses to the parameter of multiple scattering /171/ 


The case  =Q corresponds to multiple scattering, — = o to the normal 

Straggling. Thecurvein Figure 54, represented by the parameters t= 0.69; 

1.2; 2.0 and 4.0, approximately describes the passage of protons 

with energy 7, ~10Mev through layers of gold, silver, copper and aluminum. 
The distribution function of the actual ranges can be obtained by differenti- 

ating one of the curves of Figure 54. For€=1, thedistributionof the ranges 

taking into account multiple scattering is given by the solid curve of 

Figure 9595. In this figure y = ak = eras 

R R 
5 = C(y)on the ordinate. Similar curves are necessary for corrections to 


is plotted on the abscissa axis, and 


the range f, measured in experiments with variable absorber thicknesses 
and fixed energies of the incident beam. This figure gives a gaussian curve 
(the broken curve) for comparison, giving the distribution about the mean 
range without allowing for multiple scattering. 
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As can be seen, the allowance for multiple scattering reduces the dis- 
crepancy between the theoretical and the observed values of the ranges. 


FIGURE 55, Distribution of range scatter: 


a—with allowance for multiple scattering; b—without allowance for multiple scattering /171/ 


Experimental data on the ranges of a-particles and protons in air are 
very important, since air is often used as a standard stopping medium 
(see § 4). | 

For slow a-particles and protons (¥<1.5°10%cm/sec, which corresponds 
to T,~5 Mev, 7,~1.5 Mev) only experimental information on the ranges is 
available due to the inadequacy of the theory. 

The experimental data on the range-energy relation for a-particles in 
air, obtained until 1937 with natural radioactive materials, were analyzed 
by Livingston and Bethe /359/. In 1937 the extrapolated ranges R,of pro- 
tons in air with energies from 0.1 to 2 Mev were measured /413/. In 1938 
the experimental investigations of Holloway and “ivingston /285/ were pub- 
lished, in which results on the ionization produced by a-particles (7, < 
<5.3 Mev) in air, as a function of the residual range were reported. As- 
suming that the total ionization produced in air is proportional to the energy of 
the a-particle (which corresponds to the assumption that the energy w, for 
the formation of an ion pair is independent of the energy of the incident 
particle, see §8) the authors derived from their own data the range-energy 
relation for a-particles with energies below 5.3 Mev. In 1958—1960 ina 
series of works by Jesse et al. /316—318/ it was shown that the total num- 
ber of ion pairs, produced in argon by a-particles with energies from 6.3 
to 8.8 Mev is proportional to the energy of the particles to within 0.5%. At 
the same time such a proportionality was not observed for air, Wecair) in- 
creased with decreasing energy. The number of ion pairs, produced by 
a-particles in argon and in air, was measured as a function of the residual 
range of the a-particles in air. Since the product of this ratio by the lonica- 
tion inair was independent of the cnergy of the a-particles, it became possible 
to reconsider the range-energy relation according to Holloway and l.ivingston, 
Inorder tocorrelate the formulas, the values of the energy, determined from 
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the degree of ionization, have to be multiplied by ae need to recons ider the 
air 


relation arises also from a comparison of the Sages of protor. and a-parti- 
cles in air from nuclear reactions with the ranges from the corrected Bethe 
/153/ and Jesse /317/ range-erergy curve for a-particles in air. This cor- 
rected relation between the range of a-particles in air and their energy is 
shown by the curves of Figure 56. The maximum error in the energy of the 
a-particles as determined from Figure 56 was 25 kev /153/. Thus, the ex- 
perimentally determined range of a-particles from the reaction Li® (a, 4) He‘ 
is 1,.04+0,02 cm of air. This range, according to the corrected curve 


ie» Mev _ 


ee a pC 
+ Jt 


7 , Mev (1 


FIGURE 56. Range of a-particles in air versus their experimental 
energy according to /153/, 


(Figure 56}corresponds to an a-particle energy 7. of 2.06 Mev. Measurements 
of the energy of a-particles from the reaction Li*(a#,f He* by an independent 
method give 7,= 2,0574+0.010 cm. The range 1.04 cm according to the un- 
corrected curve of Holloway and Livingston /285/ corresponds to a lower 
value of 7,= 1.96 Mev. 

The curve relating the proton range in air to the energy is given in 
Figure 97. It is obtained from the experimental range-energy curve for 
a-particles (Figure 56) by applying (6.12); the maximum error in the de- 
termination of the proton energy according to these curves is about 20 kev 
/153/. 

In one of the experiments, the protons obtained in the reaction 
N'* (2,p)C™ had 1 cm of air. According to the uncorrelated curve of 
Holloway and Livingston /285/, such a range corresponds to a proton 
energy of 0.96 Mev, whereas from Figure 57 the proton energy is 0.58 Mev. 
The energy of the protons from the reaction N'*(2,p)C'* determined by a dif- 
ferent method is 0.581 Mev. 


102 


Although the curves of the ranges of low-energy a-particles and protons 
in air, given in Figures 56 and 57, are sufficiently accurate for many 
practical applications, it is mentioned in /322, 217/ that w.(A) also de- 
pends on the energy of the a-particles, and consequently, the reexamination 
of the experimental data of Holloway-Livingston, as done by Jesse et al. 
/317/ and Bethe /153/, is not quite correct (for more details see § 8). 

At higher proton and a-particle energies, it is recommended to use the 
data of Tables 41—45, as well as the calculated data of Sternheimer (Fig- 
ures 40—48). The ranges of a-particles are determined from the curves 
in Figures 46—48 and from (6.12). Figure 58 gives the dependence of the 
proton energy on their range in stilbene C,,Hi2 which is of interest for in- 
vestigations in neutron spectrometry. 
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FIGURE 57, Range versus energy for protons in air /153/ 


Experimental range-energy relation for low-energy o-particles and 
protons in other gases. Tables 41 and 42 give data on the proton ranges 
with energies of 40 kev — 10 Mev and on a-particle ranges with energies 
of 3—40 Mev in various gases. These values were obtained by Whaling 
/491/ from averaged experimental results on stopping (Figures 31—35) 
by calculating the integrals in relations of type (6.2). The integration con- 
stants R, (7, ) in the calculation of the proton ranges in O,, A, CH4, CQ2, 
Ha, CHy, N, and air are the experimental values of the range according to 
Cook et al. /213/. For neon, krypton, xenon and water vapor the integra- 
tion constants R, (100 kev) were determined by the values of £,(50 kev). 

The integration constants R,(7,), used in the calculation of the a-particle 
ranges, were determined from the measurements of Mano /381/, Rosenblum 
/433/, Philipp /415/, Blackett /180/ and Briggs /147/, taking into account 
the calculated corrections by Bogaardt and Kondijs /160/. 

The ranges of high-energy protons in hydrogen and deuterium can be de- 
termined from the calculated curves of Rich and Madey /432/; see Figures 
24—26. If neither experimental nor calculated range data exist it is 
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recommended to use the interpolation of Sternheimer's calculated data, 
described above. The values of / required for the calculations can be taken 
from Table 19, and the values of R(2 Mev) from Tables 41 and 42. 


f,, Mev 
FIGURE 58. Range versus energy for protons in 
stilbene ( p= 1.09 g/cm 


Experimental ranges of protons in metals. Tables 43 and 44 give the 
most reliable experimental absolute values of the mean ranges of protons 
in aluminum (7, >1 Mev) and in other metals. The data of Bichsel /156, 
171/ and Hubbard and McKenzie /291/ are corrected for multiple scat- 
tering (see above). The absolute experimental values of the mean range 
of protons are in good agreement with the calculated values obtained 
by Sternheimer (see Figures 40—48), and exceed by 1—1.5% the calculated 
values of Smith for aluminum (see Figures 40—42), 

Table 41 also gives the proton ranges (7,= 0.04—10 Mev) in beryllium, 
aluminum, copper and gold, obtained by Whaling /497/ by expression (6,2) 
and the experimental values of «, (Figures 31—35). Whaling's data for 
copper and gold differ somewhat from the calculated data of Sternheimer 
and from the experimental absolute data (Table 44). However, in many 
practical cases this difference is insignificant. 

In order to obtain data on the proton ranges in other metals it is recom- 
mended to interpolate the calculated data of Sternheimer (see above). 

The a-particle ranges with energies of 3—40 Mev in lithium, aluminum, 
nickel, copper, silver, gold and lead are givenin Table 42, These values 
were obtained by Whaling /491/ from expression (6.2), and the experi- 
mental values of R,(7,) and e, (Figures 31—35) were applied in the calcula- 
tions. 

Table 45 also lists further experimental data on the a-particle ranges in 
various materials, 

Experimental ranges of charged particles in photoemulsions. The most 
reliable mean ranges for various particles with an initial charge of 1 and 2 
in a dry emulsion are given in Table 46. In Figures 49—50* these values 
are denoted by points. The particle ranges were calculated by relation 
(6.3), proposed by Barkas /164/., 

The éxperimental ranges of protons, mesons and a-particles are gener- 
ally in satisfactory agreement with the calculated values in a wide range of 
particle energies. It should be noted that the experiments were carried 


* Experimental data on the ranges of charged particles in emulsions, obtained in earlier works (for example, 
19F 255. 260, 370, 437), were not taken into account here, 
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TABLE 42 


Mean ranges of @-particles, Calculated /491/ froin the inean experimenta! data on energy losses (Figures 


The integration constants in (0,4), the experimental ranges, are indicated in the lower part of 


31—35). 
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~4 Philipp /415/; °5 Briggs /147/, 


°3 Rosenbluin /433/ 


» °2 Bates /162/ 


Remark, “1 From /160/ 


Out not only with the Ilford G—2 emulsion, but also with other emulsions 
(Ilford G—2, Co, E1, Kodak NTB and so on)*. These emulsions differ 
from each other only slightly in their composition and density. In addition, 
it should also be considered that the humidity of the emulsions and their 
processing were not identical in the various experiments. The discrepan- 
cies (~1—2%) between the experimental data obtained by different authors 
are therefore to be expected. The calculated curves in Figures 49 and 50 
were drawn for the dry emulsion G—5 with 9 = 3.185 g/cm?., ; 

The straggling values of the proton ranges in emulsions are given in 
Table 47 /18/. 

For singly-charged particles with a mass different from the proton mass, 
the straggling values are determined by multiplication of the straggling for 
protons of the same velocity by the square root of the ratio of the proton 
mass to the particle mass, see (6.14). 

The experimental values of the mean ionization potentials. The mean 
ionization potentials are determined by measuring the absolute and relative 


values of a and R for heavy charged particles**. For relative measure- 


ments it is assumed that / for the standard material is sufficiently accurately 
determined. 


TABLE 43 


Absolute experimental meah ranges of protons {n aluminum 


The measured The measured 


accuracy as 
mg/cm? |determined by 
the authors, % 


T ps Mev Reference Reference 


1.130 /156/ 
1,352 /156/ 
1.519 /156/ 
1,623 /156/ 
1.911 /156/ 
2.114 /291/ 
2.677 /230/ 
3, 062 /161/ 
4,023 /220/ 
5,038 /246/ 
5,504 /246/ 


/246/ 
/384, 385/ 


The available experimental data on /, with the exception of early publica- 
tions by Mano /381/, are given in Table 19 ($4). ‘The considerable differ- 
ences between the data obtained by various authors are shown. One of the 
reasons for these discrepancies is the inaccuracy of the experiments for 


ei and the lack of corrections for the electron binding and density effects, 


as well as for multiple scattering. 
The accuracy requirements of such experiments are very stringent, 
since from the experimental data log /, and not /itself, is actually © 
* Information on the properties of nuclear emulsions manufactured in the USSR and abroad, and the 
methods of their elaboration, can be found in /18/ and in /95/. 
*® Due to the straggling and the large scattering, electrons cannot be used in experiments whose purpose 
is the determination of J. 
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determined. In fact, from (4.20), it follows that 


The logarithmic factor in this expression is between 5 and 10, and there- 
for an error of approximately 1% in the ionization losses leads to an 


TABLE 44 


Absolute experimental mean ranges of protons in metals 


. Proton range R 
Material Proton energy Tp, Mev * : ‘ad Reference 
mg/em 


/156/ 
Beryllium, Be /156/ . 

/385/ 
Carbon, C /384, 385/ 

/156/ 

156 

Copper, Cu — 

/ 49/ 
Silver, Ag ey 
Gold, Au ee 
Lead, Pb /384, 385/ 


error of 5—10% in the calculation of J. On the other hand, the use of in- 
accurate values of / in calculations of te by the Bethe- Bloch formula does not 
seriously affect the accuracy of the results (see § 4). 


TABLE 45 


Experimental data on the a-particle range 


Reference 


Material 


Carbon, C 4.43 /175/ 
Silicon, Si §,2+0.1 /268/ 
Zirconium, Zr 11 +0,35 /268/ 
Gold, Au 17 +0.6 /268/ 
Uranium, U 19,23+0.4 /268/ 


For the same reason, small errors inthe determination of the mean 
range of particles are associated with large errors in the determination 
of /, The magnitude of these errors can be obtained by turning to the data 
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of Table 48, which gives numerical values of the quantity 


q = (4RIR) | (-} 


for beryllium, carbon, aluminum, copper and lead /448/. For a proton 
energy of 100 Mev, an error in the determination of the mean range in 
aluminum (~1%) is associated with an error in the calculation of J (1/9) 
times as large, i.e., with an error of ~6%, 


TABLE 46 


Experimental data on the range of charged particles in photoemulsions 


7 
ee t, Mev A, cm Reference 
a (20.7 40,2) 10-4 
p (53.9 +0,6) 107¢ 
t (55.6740.34) 1074 
d, t, Hea (175.1 +2.0) 1074 
d (204.6 +0.64) 10-4 
a (205.5 +1.1) 1074 
He? (562.7 +2.6) 107-4 
p (988.3 +7.4) 10-4 
p (2056 +5) 10-4 
at (5345 +22) 1074 /145, 154/ 
=t 10.31 +0.07 /145, 154/ 
et 24.74 40.10 /145, 154/ 
_ /145, 154/ 
® 51.15 £0.45 /145, 154/ 
nt 74.97 +0.36 ./248/ 
p 2.518-+0.021 
z 4:1424.0.017 pt) 
D. 16.013:£0.02 /246/ 
D 0.83 /219/ 
i O48: 4 /297/ 


According to /156/, the constant / in Bloch's relation (4.32) is ~12.6 
for Z=13—79 and ~15.3 for beryllium*. These values are also confirmed 
by other authors when investigating the stopping and the proton ranges in the 
region from 40 to 70 Mev (see Table 19). The value 4,=11.5, taken in 


TABLE 47 


Range scatter of protons in emulsion /18/ 


i, AR % T, AR % 
Mev F OR Mev R 

J cam ol 100 diegak 

2 1,94 200 1,13 

o 1. 66 50U 1.02 
10 1,53 1000 0,952 
20 1,42 2000 0,904 
00 1,29 5000 0.963 
_ —_ 10 000 dk 


early works, is underestimated and does not correspond to the experi- 
mental data of the more accurate investigations ($5 and 6). 


* The abnormally large value of / for beryllium is according to /12/ due to the density effect in conductors. 
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For high proton energies (300—650 Mev) the measured results give 
smaller:values of /, (Table 19). For example, according to Bakker and 
Segré /158/, for heavy (Z>74) elements /, = 8.8. 

The reason for the discrepancies in the determination of /, between low 
(tens of megaelectronvolts) and high (hundreds of megaelectronvolts) proton 
energies remains unclear, Exact corrections for multiple scatter=- 
ing, as suggested by Bichsel /172/, apparently eliminate the discrepancy- 
Only partly. In this connection, one should also mention the work of Brandt 
/174/ who indicates the need to take into account the valency binding and the 
polarization effect. 


TABLE 48 


Values of ga» —— for beryllium, carbon, aluminum, copper and lead /448/ 


d/ 
f 
Stopping material 


Tp, Mev Beryllium Carbon Aluminum Copper Lead 
Be G Al Cu Pb 


10 0.337 
20 0, 300 

50 0,244 

100 0.214 
200 0,191 
500 0,171 
1000 0.155 
2000 0,142 
5000 0.113 
10 000 0.088 


Empirical analytic relations between the range and energy of protons 
and a-particles. Beginning with Geiger, who established in 1910 a simple 
empirical relation between the energy and range of a-particles in air, the 
possibility of using simple analytic relations has beenrepeatedly discussed 
in the literature. However, there is still no universal relation suitable for 
all kinds of particles at all energies, Each relation has a limited range of 
application and accuracy. In all cases, when more accurate results are 
required, Tables 40—46, 49, etc. should be consulted. If, however, it is 
necessary to estimate the orders of magnitude, it is possible to use the 
semi-empirical relations given below. 

Geiger's relation in its initial form: 


"3 R,=Koi=aT* (R, =3—7cm of air), (6.22) 


where a~ 0.3, 7, is expressed in Mev. 
In 1933 Briggs pointed out that for a-particles with R, >5cm of air it is 
better to use the relation 


R, bee Kv>*, 


Thus, for high velocities, R, increases faster than the cube of the veloc- 
ity, and for low velocities slower. 
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A rough empirical formula, relating the mean range of a-particles in 
a medium of atomic number A, with the mean range of these particles in 
air under normal conditions, is the following: 


R; = 32. jo" A R.. (6,23) 


air, 


where p is the density of the medium, g/cm’. 


TABLE 49 


Early experimental data on the range-energy of protons and a-particles in Ilford G-2 emulsion 


0.58 6.14 0,15 3,5 + 0.2 /255/ 
0.91 12.14 0,06 5.0 + 0,2 /255/ 
1,20 19,3 6.7 + 0.2 /255/ 
2.59 59.6 7.2 + 0.2 /255/ 
3,20 82,7 6.95 $0.05 /370/ 

3, 25 83.6 11.4 + 0.2 /255/ 
4.51 159.5 14,2 + 0,1 /255/ 
4,99 171.0 16.0 3 0.2 Green, Livsy 
6,24 256.0 18,2 30,1 /370/ 
7.09 321.0 19.0 3 0,2 /255/ 
7,8 389 4 2.7 19.0 40.2 Green, Livsy 

16.4 1358 + 8,1 22.5 + 0.06 /370/ 

17.6 1465 3 45 22.5. 40,2 Green, Livsy 

17,6 1497 3 6.0 22.9 + 0.2 /255/ 

22,3 2244 + 8,0 27.5 + 0.3 Green, Livsy 

25.6 2849 + 7,1 28:7 40:2 ‘ 

28,2 83369 + 10,0 47.5 + 0,05 ‘i 

33.5 4597 +13.8 70.8 + 0,02 /370/ 

33,5 4762 4 24.0 

33.5 4996 +10.0 

39.5 6123 


In order to calculate the mean ranges of a-particles in semi-conducting 
materials, the following expressions can be used /266/: 


Rs wy = 213 Ty ey + 2-20 
Roe ww =1.95 T Mev) tL. 72 . (6 24) 
Rinse y= 2.08 Tanievyt 1.65 


Wilson and Brobeek /503/ proposed the following expression for the 
calculation of the range of fast protons (10—200 Mev) in air 


R =|] (6.25) 
P(meters) 9.3 5 


For protons with energies of 50— 250 kev, according to Cook /213/, 
the range can be calculated by 


R=C[E+E,]", (6.26) 


where Cand E, are empirical constants. 


Varshni /486/ used for the calculation of the proton ranges with ener- 
gies of 1— 100 Mev the expression: 


R, =a (7, + Cc)" 
or 


10810 R, = 110819 (T,+C) + B. (6.27) 


The constants in (6.27) were obtained by comparison with the experi- 
mental data. 

At present the most accurate analytic expressions are those of Bichsel 
/173/ for the range of protons in aluminum 


~1.5874 
R, = 3.837 TY™" (1<T,<2.7 Mev) 


(6.28) 
R, = 2.837 T) /(0.68 + logy T, ) (2.7<T, < 20 Mev) 
Calculations by (6.28) are in agreement with the absolute experimental 
ranges (Table 43) to within ~0.2% for T >3 Mev and to within ~0.4% 
for 7<3 Mev. 
The range of protons with 8—40 Mev in a photoemulsion is satisfactorily 
given by /196/ 
T, (Mev) 0.251 Ris", (6.29) 


where R... is the proton range in microns. 


(p) 


§ 7. Inelastic collisions of heavy charged particles with atoms. 
The stopping process and the ranges of heavy ions in matter 


The stopping of heavy ions in matter is in many respects different 
from the stopping of fast protons and alpha-particles (§ 5). Whereas the 
light charged particles mostly keep their nuclear charge, the heavy ions 
tend to lose their effective charge which may be different from the nuclear 
charge at the beginning of their path owing to the exchange of electrons 
with the atoms of the medium during the retardation. The importance of 
the ''impact" collisions with the atomic electrons of the stopping medium 
then decreases and the corresponding ionization energy losses decrease 
accordingly (§ 4). At the same time, the elastic (§ 2) and inelastic atomic 
collisions, which in contrast to the ionizing collisions are connected with 
complex energy and momentum exchanges between the overlapping electron 
shells of the colliding atoms, become increasingly important. A result 
of the mutual penetration of the shells of these atoms is the conversion of 
a certain fraction of the kinetic energy of the particles into excitation 
energy, which, as arule, is exhibited in autoionization processes /115, 
442/. The charge of one or both atoms then changes. 

According to the classification used, for example, in /107/, three 
types of inelastic collisions associated with a change in the charge of the 
colliding particles can be distinguished: 

1) Pure ionization, i.e., collisions in which the incident (primary) 
particle ionizing an atom of the medium keeps its charge 


AX 4 B+ AX" 4+ B"* 4 ne; (7.1) 
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2) charge exchange, i.e., collisions with exchange of electrons between 
the particles 


Att 4 B+ Amt 4 Bkt (7.2) 
m+K=n; 


3) ionization with capture: 
A™ 4+ Bo A™ 4 BX (m4 K —n) e. (7.3) 


As before, we are interested only in the state of the primary particles 
after the collision. Therefore, in the following we shall not confine our- 
selves to processes (7.2) and (7.3). 

The cross section of an inelastic process, in which the primary particle 
with initial charge ¢ acquires a charge f, is denoted by a,, the total cross 
section for electron capture by the particle (as is sometimes done) — by o* 
and the total losses cross section — by @!. 

Charge exchanges in atomic collisions are essentially many-body pro- 
cesses. As aresult, an exact theoretical treatment is impossible. Never- 
theless, the accumulated data on atomic collisions established some general 
features and verified the theoretical estimates and calculations. 

Experimental and theoretical investigations of the total ionization cross 
section. The total ionization cross section characterizes the liberation 
probability of an electron in ionizing collisions, referred to one atom and 
one freed electron. It is equal to the sum of the ionization and the charge- 
exchange cross sections multiplied by the number of freed electrons. In 
pure ionization the incident particle preserves its charge. These processes 
and in particular, single-electron ionization, are decisive at high velo- 


nae cz dea ; 
cities (v > set) of the incident particles, at which the charge-exchange cross 


sectionis negligibly small. As the velocity decreases, a noticeable contribution 
to the total ionization cross section is made, as was already stated above, by 
charge-exchange processes. Therefore, it is of the greatest interest to 
measure the total ionization cross sections for particles with energies 
~10'—10%ev. These measurements are performed, as a rule, by the con- 
denser method: the charge accumulated on the plates of a condenser, 
placed in a chamber with the gas being investigated, is recorded. 

The basic results of the investigation of the total ionization cross sec- 
tions of gases for ions with energies of 10-200 kev are summarized in the 
following /107/*. 

1) The total ionization cross section ¢_ is a function of the relative 
velocity of the colliding particles and of their charge numbers. With in- 
crease in the velocity the cross section increases rapidly at first, reaches 
a maximum, and then decreases (at high velocities it decreases as 0’, 
see § 4). 

According to /311/, for T>0.15 Mev the measured total ionization 
cross section-of hydrogen by protons is satisfactorily given by 


0 = (3.45 + 0.20) Th O8**9. 197" cm? /molecule. 


* Works carried out until 1950. are discussed in Massey and Burhop /72/. 
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This result is in agreement with Bates' calculations /163/ in the Born 
approximation. 

For hydrogen ions in hydrogen and argon, the maximum cross section 
occurs for v~1.5 u&, = 3.3-10®cm/sec (Figures 59 and 60). 

2) For a given ion velocity the absolute value of the total ionization 
cross section increases with the charge numbers of the atoms of the stop- 
ping medium (Z). 

3) The total ionization cross section depends on the molecular structure 
and on the character of the levels of the colliding particles. 

From the curves of Figure 61, the normalized /107/ experimental data 
on the total ionization cross sections can be compared with the theoretical 
data obtained by Firsov /115/ on the basis of an estimate of the mean ex- 
citation energy of the electrons in atomic collisions. According to Firsov, 


ge “| (2)"- ! ie (7.4) 


where v, and o, are characteristic quantities of each pair of colliding 
particles: 
No 


Vv, = 23.3 Texayn 10°cm/sec; 


32,7 —6 : 
o, = (z+Zph -10 cm: 


I 


1 18 the first ionization potential of the atoms of the medium, ev. 


FIGURE 59, Total ionization cross section of hydrogen as a function of the ion velocity 
/107/. The symbols outside the parentheses indicate the ionizing particles; the letters 
in parentheses stand for the investigators: G for Gilbody and Hasted /270/; I for Afrosi- 
mov, !l*in, Fedorenko /7/; K for Telp, Khizeng, Kistemaker; B for Bates and Grif- 
fing, theoretical curve; S for Tate and Smith (ionization by electrons) 


In the velocity range 10 -10 cm/sec, Firsov's theory is in agreement 
with the experimental data given above on the dependence of the total cross 
section on the velocity and charge of the colliding particles, and for heavy 
colliding particles it gives correct values of the absolute cross sections. 


114 


Scattering of heavy ions associated with a change of charge. It was 
Stated in § 2 that the differential cross sections for elastic scattering of 
ions On atoms differ greatly from the theoretical values (calculations of 
Everhard and Firsov) for large scattering angles (8 > 20°)*. It was also 
pointed out that one of the reasons for this is the contribution of inelastic 
processes, in particular, the stripping of electrons from the incident ions. 


ret 


ge een 
10° NOB LO/O" NaF 5 A$ 
10:0 Nene) : U cm/sec 


FIGURE 60, Total ionization cross section of argon by various ions and electrons as 
a function of velocity /107/; G — Gilbody and Hasted /270/; 1 — Afrosimov et al. 
/1/; A—Fedorenko et al, /109/; F—Fedorenko; Mz—Mauzon; B~—Bek and 
Mauzon; T —Frishe; S—Smith (ionization by electrons} 
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FIGURE 61, Universal dependence of the total ionization 
cross section on the velocity according to Firsov /112, 115/ 
and experimental values: 
G—Gilbody /270/; F—Fedorenko /108/; A—Fedorenko 
et al, /110/. The experimental values for the ionization 
of argon are represented by the thin solid curves, of kryp- 
ton — by the broken lines, of neon — by the dotted lines. 
The thick solid line represents calculations by Firsov 


* For small scattering angles, when inelastic energy losses are relatively small, the kinematics of 
inelastic scattering are identical in practice to the kinematics of elastic collisions /114/, 
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The scattering of slow heavy ions (mainly He’. AY N* ions) associated 
with a change of charge was investigated by Kaminker, Fedorenko /56/, 
and by Everhardt et al. /220, 247/. The results of these works are 
generally in agreement and complementary. 

As an example Figure 62 shows the angular distribution of argon ions 
scattered on argon which acquired the charges 0, 1, 2, 3, 4, 5 after the 
scattering (neutral particles were formed upon the capture of an electron, 
and particles with charges 2, 3, 4, 5 asa result of stripping). 

As the energy of the primary particles increases, the maxima of the 
angular distribution curves become narrower and are displaced foward 
smaller angles. 

The scattering of negative ions with energies 5 to 30 kev, associated 
with electron capture, was studied by Dukel'skii and Fedorenko /41/. 

The phenomenological theory of ion scattering on atoms based upon 
considerations of their charge was developed by Russek /442/. He con- 
sidered the interpenetration of the electronic shells of the colliding atoms 
and related the probability for the formation of various charge states to 
the impact parameter p (see § 2). 

General remarks On the calculations of the cross seetione for charge- 
exchange processes. In charge exchange, the incident particle captures 
or loses one or several electrons. This process.is connected with a 
variation in the internal energy of the colliding particles and with an energy 
defect (A£)*, except for resonance charge exchange, in which the charge 
exchange occurs between atoms of the same Species. Thus, other condi- 
tions being equal, resonance charge exchange has the highest probability 
(see below). 

The essentials of the process are best explained in the example of the 
charge exchange of helium ions, which also provided the first experimental 
proof of the existence of charge exchanges by the detection of charge in- 
homogeneity of a beam of retarded alpha -particles /305/. As was shown 
by Rutherford, the charge inhomogeneity of the beam occurring during their 
motion in the medium is due to a certain probability that the retarded alpha- 
particles capture and lose electrons. The corresponding probabilities are 
characterized by the electron capture o° and electron loss o cross sections. 

According to general considerations, for alpha-particle velocities vo ex- 
ceeding their proper K-shell electron velocity u, 


On e8 
(u, = = 4.4-10®cm/sec), 


the cross section for electron loss is much larger than the capture cross 
section. In other words, inthis case most of the time or over most of the 
path length in the substance an alpha-particle possesses no electrons. When 
u~u,,, the cross sections for capture and loss of electrons become com- 
parable, and, consequently, an alpha particle is for a considerable part of 
the time a singly- charged ion or a neutral atom. The capture and loss cross 
sections also depend on the properties of the stopping medium. 

The loss cross section of electrons in light materials (Z < 4) can be cal- 
culated according to Bohr /12/, by the following approximate formula: 


o! cx An ( a)’ (Z +2 (3 ‘). (7.5) 


* Energy defect, or, as it is often called, resonance defect, is the difference in the energy levels between 
which the passage of electrons occurs 
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where ze and vare the charge and velocity of the incident particles; 
. Z is the atomic number of the stopping medium; 
ay and uw, are the radius of the hydrogen orbit and the electron 
velocity in it. 


d6/dw, cm*/steradian 


?0 8 6 € 202 4 6 8 Oi 
U degree 


FIGURE 62, Angular distribution of argon ions which ac- 


quired charges of 0, 1, 2, 3, 4, 5 /56/ after scattering in 
argon, The initial energy of the argon ions is J = 75 kev 


Formula (7.5) was obtained by a method used for pure ionization cross 
sections. It is assumed that the nucleus and the electron of the atom of 
the medium act independently on the incident ion. The formula is valid 
when the dimensions of the electronic orbits of the stopping atoms are of 
the same order of magnitude as the dimensions of the orbits from which 
the electron loss occurs. 

The dependence of o' on the velocity in heavy substances is weaker, 
i.e., the nuclei of the stopping medium are screened by the electrons (§ 2). 
For materials with intermediate Z values (~4—8) we have according to 


Bohr / 12/ 
a nas Z'2z73 3) (7.6) 


Finally, the cross section for single-electron loss in heavy materiels 
is, according to Bohr, equal to ~ na’, i.e., is almost independent of Zand 9, 

It is much more difficult to calculate the electron capture cross section. 
Approximate expressions for o were obtained by the authors of /12, 79, 
146/. They all found a strong dependence of o on the velocity of the par- 
ticle. Thus, according to Bohr/12/, light charged particles (protons, 
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alpha particles) capture in sufficiently heavy materials electrons whose 
orbital velocities are comparable with the velocity of the particle. Bohr 
estimated the velocities of the electrons on the basis of the statistical 
model of the atom using the above- given criterion, and obtained the fol- 
lowing approximate expression for the electron capture cross section: 


, 6 
of ~ Anal 2Z" (#2) (7.6a) 


(U> up). 


If the electron velocities in the stopping’medium are small as compared 
with the velocity of the incident particle a different criterion is necessary. 
According to Brinkman and Kramers /169/, the expression 


12 
ox 2 na, 2525 (2) : (7.7) 


obtained in the Born approximation, is valid only if the velocity of the 
particle is above Zu and Zag. 

The expressions given above for the cross sections of charge exchanges 
are Only suitable for rough estimates. 

Unfortunately, no rigorous theory of charge exchanges is as yet avail- 
able. An exception, perhaps, are the simplest cases of charge exchange 
collisions of light atoms in hydrogen and helium. Thus, Bates et al. /162/ 
and Kahn /340/ used the method of impact parameters for the calculation 
of cross sections of resonance charge exchange Of protons in hydrogen. 

The same method was used by Jackson /445/ for the calculation of the 
cross sections of resonance charge exchange of helium. Their calculations 
are in qualitative agreement with the experimental data (see below). 

In the works of Bates and Dalgarno /163/ and Jackson and Schiff / 321, 
445/, an improvement in the calculations of Brinkman and Kramers led to 
different results from those obtained by formula (7.7). Gerasimenko and 
Rozentsveig /37/ calculated the capture cross sections of two electrons by 
protons and helium ions in helium. The calculations were performed in the 
Born approximation. The cross section for electron capture by protons, 
obtained by new calculations, are in better agreement with the experimental 
cross sections (for v>4,). 

For qualitative estimates of the dependence of the charge-exchange cross 
sections on the velocity for the low velocities range (v < u,) the so-called 
adiabatic hypothesis of Massey /71/ may be used /108, 120, 270/. Itis 
based On a comparison of the characteristic atomic transition times with 
the collision times. According to this hypothesis, for 


2a] A4E|/ho> 1 


the effective cross sections for inelastic collisions are small, but increase 
with velocity by an exponential factor which isdetermined by the parameter 


4 ities 
2r a(—e—). so that the maximum cross section is expected at a velocity v., , 


Satisfying the condition: 


2n a /dE/ 


er =x l (7,8) 


max 
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where a is a distance characteristic of the range of the forces involved 
in the process; 

AE is the variation in the internal energy of the particles obtained 
in the process. 

For v>v,,,, the cross section should decrease monotonically. The 
experimental dependence o(v) agrees in many cases with the conclusions 
from Massey's adiabatic hypothesis (see below). However, the physical 
meaning of the parameter a, chosen in order to match the experiment 
with the theory, is unclear. 

The work of Bell /170/ should also be mentioned, He shows that the 
cross sections for charge-exchange collisions of fast fission fragments 
can be calculated in the classical approximation. 

Experimental data on the capture and loss of electrons by ions and 
hydrogen atoms. A detailed review and systematic experimental data on 
the variation in the charge of atoms and hydrogen ions in collisions with 
atoms of various materials can be found in Allison /132, 133/. Fogel''s 
paper /120/ deals with the formation of negative hydrogen ions. 

Only a small part of the data related to this problem will be presented 
here as summarized in /133/ from results obtained in various laboratories. 
A beam of hydrogen particles in matter is generally assumed to be a 

three-component system (a mixture of H°®, H” and Ht). The charge dis- 
tribution of the particles in this system can be determined if the depend- 
ence of the cross sections on the energy for the six possible types of col- 
LiSiONS 4, O7, 9,7, %19) 9g, 9, is Known. The first index denotes the charge 
of the particle before collision, the second that after collision. Thus, OT 
is the cross section of the process in which a neutral atom is transformed 
into a negative ion (cross section for electron capture by an atom); 37 is 
the cross section for capture of two electrons by a proton, and so on. 

At energies 7>50kev, processes with the participation of H~ are of no 
importance (Table 50). In this case, the beam of hydrogen particles is a 
two-component system, in which the charge distribution is determined by 
the cross sections og and o,. 

The energy dependence of the capture and stripping cross sections for 
H-, H° and particles passing through hydrogen, is given in Figure 63 
on a logarithmic scale. There is a similar energy dependence of the 
charge-exchange cross sections for these particles in other materials. 
Values of experimental charge-exchange cross sections in other gases 
are given in Table 50. The charge- exchange cross sections in oxygen and 
nitrogen have similar magnitudes, so that the data for nitrogen can be 
used for air. In plotting the curves of Figure 63 and in compiling Table 50 
the data of /293, 343, 117, 108, 184, 471, 227/ were used. 

It is interesting to note that in accordance with Bohr's criterion, the 
total cross sections for the capture and loss of an electron by a proton in 


air and other gases for =) are equal (7~25kev). An exception is 
hydrogen, where equality is obtained for We 1.4. 


In a stopping medium of sufficient thickness many charge-exchange col- 
lisions take place so that eventually an equilibrium ratio between the num- 
ber of particles of different charges is established. The corresponding 
equilibrium fractions of the charge components F,, for a hydrogen beam 
({=1,0,—1), after passing thick layers of various materials, are given 
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in Tables 51 and 52 /133/. These data are important for the choice of a 
target material to provide a chosen charge composition of a beam passing 
through it,as well as for the calculation of the mean (é)and the mean square (7? } 
ion charges in the beam. Itis seen from Tables 51 and 52 that for light elements 
the equilibrium charge composition of the beam is weakly dependent on the 
medium in which the equilibrium is established. 

The value of F,, can either be measured directly (see /120, 133/), or 
it can be calculated from the values of the charge-exchange cross sections. 
For a two-component charge system (i = 0,1), we have 


aera!) Beene 
a Op, + A%y9 ” (7.9) 
Poe S49 


Oco Son -+ S40 


The mean effective ion charge i and the mean square charge & can be 
calculated from the quantities F;: 


i= DFi, (7.10) 
d 
f= > Fit. a0) 


Experimental data on the capture and loss of electrons by ions and 
atoms of helium. Neglecting processes with negative He~ ions /43/, a 
beam of helium particles in a medium will be a three-component system 
(a mixture of He®, Het, Hett), The composition of the beam is in this 
case determined by the six cross sections. 

Allison's review /133/ gives experi- 
mental data on the charge-exchange col- 
lision cross sections of ions and helium 
atoms with molecules of hydrogen, nitro- 
gen, oxygen, helium, neon, argon and 
xenon (T= 0.2 — 200 kev) and with mole- 
cules of hydrogen, helium and air 
Tr =0.2— 450 kev). 

Figure 64 shows experimental curves 
of the capture and loss cross sections of 
electrons by ions and helium atoms 
T= 0.2—1.5Mev) in hydrogen, helium, 
nitrogen, argon and krypton as a function 
of energy /87/. The experimental data 
/87/ (Figure 64) are in good agreement 
with the results of /133, 184/, obtained 
at lower particle energies. 


Of ast0 § 10 $0100 00 The broken curve in Figures 64a, b 
Ips kev represents the calculated cross section 


FIGURE 63. Cross sections for charge ex- 92, (in hydrogen) and Of 9,9 (in helium) in 
change by protons in hydrogen as a function the Born approximation /445/, The ex- 
of energy /133/ perimental dependence of the capture 
cross section of an electron o,, in nitro- 
gen, argon and krypton on the particle velocity is satisfactorily represen- 
ted by (7.6). 
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Tables 53 and 54 contain experimental data on the equilibrium fractions 
Fi. (¢=0, 1, 2) of the charge components of helium. 

Experimental data on the capture cross sections of electrons by heavy 
ions and atoms. In the works of Fogel’ et al. /120/ a study was made on 
inelastic collisions of atoms and ions (T=5—60kev, uv <3-10®cm/sec) in 
which the incident particle, upon capturing an electron, became a nega- 
tive 10n: 


AT+B+A~+ Bt, (7.12) 
A+B-+A~+8*, (7.13) 


Experimental curves of the cross section 9, for the pairs H*t- Hp, H*t~He and 
Lit-Hy are givenin Figure 65a. These curves are characteristic for two-elec- 
tron charge exchange, in which particles in excited states cannot participate. 
When the particles participating in inelastic collisions of atoms and ions 
in (7.12) and (7.13)also acquire excited states, the curve «(v)has a com- 
plex structure (presence of two maxima, asymmetry); see for example, 
Figure 65b. 


TABLE 951 


Equilibrium charge fractions in a beam of hydrogen after passing gaseous targets 


Hydrogen, H Helium, He Nitrogen, N Argon, A 
T, kev 
Freol Foc] Fico | Pie} Foo | Fic Fra| Fem | Fis Too} Foc | Pte 


3 | 0.00810.897 jo.095}/ — | — | — | — |] -—- |] — —_ |] — 
4 | 0.010/0.895 {0.095 | — {0.125 | 0.875] 0.00410.871 | 0.125 .910 | 0.050 
5 | 0.014/0.891 [0.095 | — 0.185 | 0.815] 0.006/0.854 | 0.140 ,889 | 0.075 
7 | 0.019]0.886 |0.095 | — {0.280 | 0.720] 0.011/0.815 | 0.175 878 | 0.100 
9 | 0.020/0.885 {0.095 | — [9.400 | 0.600] 0.012/0.778 | 0.210 810 | 0,175 
11 | 0.02010.880 {0.100 | 0.003/0.450 | 0.547] 0.014]0.756 | 0.230 ,789 | 0,200 
13 | 0.02010.875 {0.105 | 0.007/0.530 | 0.463] 0.01310.712 | 0.275 .752 | 0,240 
15 | 0.02010.855 [0.125 | 0.008]0.550 | 0.442] 0.01210.688 | 0.300 .718 | 0,275 
20 | 0.01810.797 |0.185 | 0.009/0.600 | 0.391] 0.01010.640 | 0,350 .666 | 0,330 
25 | 0.016/0.764 |0.220 | 0.009]0.600 | 0.391] 0.008}0.587 | 0.405 .601 | 0.395 
30 | 0.014/0. 706 {0.280 | 0.010/0.599 | 0.391] 0.006/0,544 | 0,450 .567 | 0.480 
35 | — {0.680 [0.320] — {0.575 | 0.425} — {0.500 | 0.500 525 | 0.475 
40 | — {0.620 |0.380} — |0.535 | 0.465] — [0.480 | 0.520 490 | 0,510 
45 | — 10.580 0.420} — 0.515 | 0.485} — |0.430 | 0.560 445 | 0,555 
50 | — 0.525 |0.475| — 40.490 | 0.510) — 0.410] 0590 ,405 | 0.595 
60 | — {0.447 |0.553| — [0.447 | 0.553) — [0.384 | 0.616 .316 | 0,684 
70 | — {0.361 |0.639 | — 0.369 | 0.631} — {0.314 | 0.686 294 | 0,706 
80 | — [0.276 |0.724}| — |0.329 | 0.671} — |0,240 | 0.760 256 | 0.744 
90 | — {0.237 [0.763 | — {0.292 | 0.708} — |0.208 | 0.792 .200 | 0.800 
100 | — 0.183 jo.817| — [0.254 | 0.746] — [0.172 | 0.828 .179 | 0,821 
150 {| — {0.063 jo.937 | — {0.118 | 0.882) — [0.095 | 0.905 087 | 0.918 
200 | — 0.024 jo.976] — {0.060 | 0.940] — |0.038 | 0.962 ‘028 | 0.972 
250 | — |0.075 10.993 | — 0.032 | 0.968] — {0.019 | 0.981 012 | 0.988 
300 | — |0.004110.996 | — {0.017 | 0.983} — {0.010 | 0.990 0054} 0.996 
350 | — {0.002410.998 | — |0.011 | 0.989] — {0,0057] 0.994 0027] 0.997 
400 | — |0.0012I0.999 | — [10,0064] 0-994) — [0.0037] 0.996 ,0022] 0.998 
450 | — |0.0,577 — | — |0.0038] 0.996] — 0.0028] 0.997 ,0017| 0,998 
500 | — |0.0339] — | — [0.0028] 0,997) — [7.0020] 0.998 ,0014] 0.999 
600 | — [0.0316 — | — 0.0014] 0.999] — |0.0012! 0.999 0:97] — 
700 | — 10.0,96) — | — [0.0,92} — | — 0.0377) — 0579] — 
800 | — {0.054 — | — |0,0952} — | — [0.0,50) — 0,61] — 
900 | — [0.0.40 — | — |0.0345] — | — |0.0,39] — 0352] — 
1000 |} — |0.0,277 — | — |0.0,36; — | — |0.0,28} — 046) — 
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I ogel' concludes that processes of type (7.12) and (7.13) are described 
satisfactorily, at low incident particle velocities, by the adiabatic hypo- 
thesis of Massey (see above). The positions of the maxima on curves 
similar to those in Figures 65 a@ and 65C are determined by condition (7.8), 
the quantity a being approximately equal to 1.5A for processes of type 
(7.13). The dependence ofa, (7.8), on the colliding particles is very weak. 

In the studies of Hasted et al. /293/ on electron capture by slow singly- 
charged ions it was shown that the cross sections 9)(v) have a maximum 
whose position is determined by (7.8), if we take a~8 A. The value ofa 
is also only weakly dependent on the colliding particles. 

The capture cross section of several electrons by multiply- charged 
ions with v< 10®cm/ sec was also studied in /108, 122/. The dependence 
of the cross sections on the absolute value and sign of the resonance defect 
AE was observed. For the same particle velocity and absolute value of 4E£, 
the cross section for endothermic processes (AE <0)is considerably larger 
than for exothermic processes (AE >0)/122/. 

In the works of Nikolaev, Dmitriev, Fateeva and Teplova /80, 83/ the 
capture cross sections of one and two electrons by fast multiply- charged 
ions (z=2— 18, v= 2.6 — 12-108cm/ sec) in kelium, nitrogen, argon and 
krypton were studied.; The following features were established. 

1) The dependence of the cross sections o, ,_, on the velocity is mostly 
the same as the dependence of s,, for protons (see /184/ and Table 50); a 
difference occurs in the absolute values of the cross sections and in the 
rate of decrease of the cross section; 

2) when the ion velocity increases, the cross section for capture of two 
Or more electrons decreases faster than the cross section for capture of 
s single electron 

9, 1-2 (¥) 
S,1-1 (%) 


<1; 


3) the quantities 9, ,, and, , for a given medium vary non- monotoni- 
cally with z(the nuclear charge of the incident particle); the probability of 
electron capture depends only on the charge of the forming ion and depends 
weakly on the number of captured electrons; 

4) Bohr's criterion (the capture of an electron is most probable if the 
orbital velocity of the captured electron is approximately equal to the 
velocity of the ion) and the theoretical calculations of the capture cross sec- 
tion of two electrous by helium ions are confirmed /37/; 

5) in contrast to electron capture by ions with ¥< 10° cm/sec, in which 
a correlation between the capture cross section and the resonance defect 
is observed /120, 122/, for velocities v>3-10%cm/sec this correlation is 
not observed. 

The experimental dependence of electron capture on the velocity of the 
total cross sections when protons (H*), alpha-particles (He? ), and lithium 
nuclei (Li**) pass through hydrogen, is given in Figure 66. It follows 
from this figure that at high velocities the capture cross sections are 
proportional to the squares of the nuclear charges (9:4:1), see formula 
(7.6). When the particle velocities decrease, the differences in the cross 
sections are less well defined. 
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TABLE 52 


1246 


Equilibrium charge fractions in a hydrogen beam after passing through solid targets 
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TABLE 53 


Equilibrium distribution of the charges of helium ions in various media /&7/ 
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FIGURE 64, Cross sections for loss and capture of electrons by helium ions 


a—in hydrogen: 1 — experimental values of 0), and 049 from /133/; 

2— from /87/, the broken curve represents the theoretical dependence of 

99)? according to /37/; b—in helium, same notation; c —in nitrogen: 

1 —data from /133/ for 6,5 and 0,9 in air; 2—data from /87/; d — in 
argon /87/; e — in krypton /87/ 


Equilibrium distribution of the charges of heavy ions in various media. 
Both theoretical /12, 44, 79, 146, 165, 182, 264, 402/, and experimental 
/42, 57, 78, 81, 101, 110, 147, 287, 402, 431, 436, 512/ works are 
devoted to the study of the equilibrium charge distribution and mean charge 
of a beam of ions of light elements (z > 3) passing through various materials. 

In accordance with Bohr's criterion /146/, anion retains at each point 
of its path those electrons whose velocities are equal or higher than the 
ion velocity v. When this condition is satisfied, the mean effective ion 


charge <Zersp >mean=t is 
%y _U 
i=Z iis (7.12a) 


(u,<u<z"u,). 
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Knipp and Teller /338/, and Brunning, Knipp and Teller / 165/ modified 
Bohr's criterion based On more accurate calculations of the orbital veloci- 
ties of the electrons (again in the framework of the Thomas-Fermi model) 
and on experimental data available in 1940 on the charge distribution of 
alpha particles and heavy ions in air and hydrogen. 


6 7 810’ 
UY, cm/sec 


FIGURE 65. Dependence of the cross sec- 
tions on the velocity 


a — for capture of two electrons by lithium 

ions in hydrogen (1), by protons in hydrogen 

(2), and by helium in helium (3); b— two- 

electron exchange by fons of neon (1), 

argon (2), krypton (3), and xenon (4), ac- 
cording to Fogel’ /120/, 


According to /165/, anion retains elec- 
trons with velocities 4>yv, where 7 is 
determined from experimental data. If 
we consider the least firmly bound electrons 
in the ion, then the value of 7] = 7]; increases 
from 1.3 for z= 6 to 1.8 for z= 55. How- 
ever, if we assume that the farthest elec- 
trons are the most important in the charge 
exchange, then the value of J = 72 decrea- 
ses from 0.6 for z= 6 to 0.35 for z = 55. 

It can be expected (and this is confirmed 
experimentally, see below) that the charac- 
teristic velocity of electrons in an ion, de- 
termining the mean effective ion charge, 
has a value between 7,¥ and 73v. 

Dmitriev /44/ calculated the mean 
charge and the charge distribution of cer- 
tain ions in air, assuming that the proba- 
bility for the loss of an electron is a func- 
tion of the ratio of the ion velocity to orbi- 
tal electron velocity. The effective inter- 
action of fast ions with a medium was de- 
termined by a summation over the individual 
electrons of the atoms. Gluckstern /264/ 
determined the effective charge of the ion 
in a medium from data on the electron cap- 
ture and loss cross sections by ions. 

According to the estimates given above 
of the capture and loss cross sections of 
electrons (see also /79, 182/), it should 
be expected that for sufficiently high 
velocities the mean effective ion charge will 
be larger in light materials, Calculations 
/182, 402/ also show that the effective 


charge of an ion in a condensed medium (a solid or liquid substance) should 


be larger than in the corresponding vapors or gases. 


Consequently, the 


atomic stopping power of a medium in the condensed state should be higher. 
Systematic measurements of the equilibrium charge distributions of 

ions of light elements (2 = 2-18) in various gases and in a celluloid film 

were performed by Nikolaev, Dmitriev, Teplova and Fateeva /42, 78, 


101/. 
and in Tables 55, 56, 57. 


Some results of their measurements are given in Figures 67, 68, 
The charge distributions of ions with 3<z< 10 


in all the stopping media investigated are close to gaussian: 


l 
arr exp | 202 


((—7)? 
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where fis the mean equilibrium charge, determined by (7.10); 
¢=[ DF, (i —1)"]" is the distribution width. 

As z increases, the value of 6 also increases and is —~0.55, 0.6, 0.7, 
0.8 and 0.9 respectively, for helium, lithium, boron, nitrogen, and neon 
ions in gases. For a given ion velocity the values of @ in different gases 
vary by no more than 10%, The value of o in celluloid for uv <5-10®cm/ sec 
is 10-20% higher thanin gases, and at v>-10°cm/sec begins to decrease, 

TABLE 54 


Equilibrium charge composition of a beam of helium after 
passing through solid targets /132/ 


Fico determined 


Scattering and passage 
through beryllium, aluminum 
and silver foils 


from the yield 
from 


130} 0.58 | 0.40 _ 
200 | 0.39 0.57 an 
300 | 0.24 | 0.65 — 
400 | 0.15 | 0.65 — 
406 = = es 
500 | 0.09 0.59 — 
590 os = = 
600 | 0.06 0,52 — 
640 = = = 
700 | 0.02 | 0,43 _ 
787 = ae = 
800 = 0,36 — 
g0 | — 0.29 _ 

1000 = 0.24 | 0.76 = 

1100 = 0.20 0.80 _ 

1260 = ae ia - 

1355 — _ = 0.14 

1521 _ = a 0:12 

1696 ae =f = = 

1935 = = Be 0.065 

2323 os = at 0.045 

2408 << us as 0.038 

9719 ae ex = 0 .036 

3406 = aa = 0.024 

4262 = = 7 | 0.015 

4440 - - = = 


As can be seen from Figure 67 and Tables 55, 56, and 57, the value of ¢ 
for a given velocity varies monotonically with z. In the range of values 
i/z = 0.2-0.6, the degree of ionization i/z in gases is a function of the 
parameter v z-*, where a= 0.45, which is in qualitative agreement with the 
theory /165/. However, the degree of ionization i/z for a given ion velocity 
is not the same in a gas as ina solid (celluloid), but also varies appre- 
ciably with the kind of gas (Figure 68). This fact cannot be explained by 
existing theories /182, 264/. 

For ions with z>10 of the same velocity, an increase in the mean 
charge i and a monotonic decrease of i/z with increasing nuclear charge z 
is observed. Particularly large differences between the values of zg are 
observed for gases and celluloid. The violation of the smooth dependence 
of é@ and F,on zis connected, according to the authors of /78/, with the 
influence of the periodic structure of the electronic shells. 
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The equilibrium charge distribution of heavy ions (z > 2)in the range of 
lower velocities was also investigated in /135, 443, 470, 363, 284, 504/, 


and in the range of high velocities, 
10 Mev/nucleon*, in /287, 403, 431, 435, 436/. 


corresponding to energies of 1 to 
The effective charges of 


fission fragments in various media were determined by Lassen /364/. 
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FIGURE 66. Total cross sections for electron 


capture by protons, alpha-particles, and 
lithium nuclei /134/ 


Experiments /364, 431, 436/ show that 
the charge state of heavy ions depends 
On the type of absorber, and that the 
mean and mean square ion charges in 
sOlid bodies are larger than in gases 
for the same particle velocities. 

The effective mean and mean square 
charges of heavy ions can be determined 
in twO ways: 

1) by measuring the cross sections o,, 
for charge exchange collisions, or of the 
equilibrium charge distribution F,; the 
effective charges are calculated in this 
case by the relations (7.10) and 7.11); 

2) from the experimental values of 


the energy losses fr or from the range- 
energy curves for the ions in the material 
being investigated. The mean square ef- 
fective ion charge @ is determined from 
the ratio of the specific energy losses of 
an ion Of a given velocity to the specific 
losses of a proton or of an alpha-particle 
of the same velocity and in the same 
material (the latter should be completely 
stripped’, i.e., devoid of electrons). 


A second method was used to determine the effective charge of heavy 


ions in /287, 431, 436, 403/. 


TABLE 9595 


Equilibrium charge distribution of helium ions /81/ 


NMeditin 


Weliuim, te 


Nitrogen, N. 


Argou, aA 


Krypton, Kr 


61.4 | 32.2 1.2% | 0.56 
27.7 | 72.0 1.72 | 0.45 
4.0 | 96.0 1:96 | 0.20 
0.6 | 99.4 1.99 | 0.11 
51.2 | 46.2 | 1.44 | 0.58 
17.3 | 82.7 1,83 | 0.38 
3.8 | 96.2 | 1.96 | 0119 
0.75 | 99.25 | 1.99 | 0.095 
42.9 | 55.8 1.54 | 0.52 
10.1 89.9 1.90 | 0.30 
4.4 | 95.6 1.96 0.21 
1.15 | 98.85 | 1.99 111 
8 0.93 | 0.46 
49.5 | 1.48 | 0.53" 

83.7 1.84 | 0.37 

92.4 1.92 | 0.26 

98-4 1.98 | 0.13 


“ The measurements of Nikolaeva and others /78, 101/ refer to the energy range f= 0,04—0,7 Mev/nucleon. 
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TABLE 56 


Equilibrium charge distribution of lithium ions /31/ 


Medium 107° ¥, Foc | Pico Po P x0 . 3 
cin/sec ry 
% 
Heltum. He 4,01 5 78 17 02 1,12 0.46 
5.69 1.4 47.9 47.8 2.9 1,52 0.58 
8.03 0.2 11.6 59.6 28.6 2.17 0.62 
11.64 —_ 0.5 18.0 81.5 2.81 0.41 
Nitrogen, Ng 4.01 3 70 27 0.2 1,25 0.30 
5.69 0.5 32,1 61.3 6.1 1.73 0.57 
8.06 0.03 5.3 51.2 43.5 2.38 0.59 
11,64 — 0.5 19.0 80.5 2.80 0.42 
Argon, A 4.01 2 70 28 0.4 1,27 0.49 
5.69 0.3 25.5 56,0 8.2 1.82 0.56 
8.06 0.03 3.1 44.5 52.4 2.50 0.56 
1] .64 — 0.6 22.1 77.3 2.77 0.44 
Krypton, Kr 4,01 3 81 16 0.1 1,14 0.42 
5.69 0.5 36.8 58.9 3.8 1. 66 0.56 
8.03 0.1 7.2 58.0 34.7 2, 28 0.57 
11.64 — 1.6 32.6 65-8 2.64 0.52 
TABLE 57 


Equilibrium charge distribution of boron ions /81/ 


Medium 


Helium, He 2.75 12.6 | 62.9 | 23.7 | 0.8 — 1.13 0.61 
3.79 7.6 | 52.7 | 36.4] 3.3 _— 1.35 0.67 

7.00 0.1 | 5.3 ] 38.1 } 52.2 2.59 0.67 

7.87 0.03} 1.9 | 23.7 | 62.0 2.85 0.65 

Nitrogen, No 2.75 10.2 | 59.8 | 28.8] 1.2 1.23 0.60 
3.78 4.2 | 41.9] 47,5} 6.3 1.56 0.58 

P 7.87 — 0.6 | 15.5 | 65.0 3.03 0.62 
Argon, A 2.75 10.8 | 59.4 © 28.6] 1,2 1.20 0 60 
3.78 3.6 | 42.2 ; 44.9 | 6,2 1.57 0. 67 

7.00 — 1.0 | 9..9 | 66.2 2.85 0. 60 

7.87 — 0.3 1 11.0 | 67-5 3.10 0.59 

Krypton, Kr 2.75 16.2 | 63.1 | 20.3) 0.4]; — 1,95 0.58 
3.79 5.2 | 48.1 | 43.1 | 3.6} 0.02 1.45 0.65 

7.00 — 1.3 | 24.5 | 66.7 | 7.4 2.80 0.58 

7 87 — 0.5 | 13.2 | 70.0 | 16.0 3-02 0.57 

Celluloid film 2.72 8.1 | 48,6 | 36.6 | 6.6; 0.07 1,42 0.74 
3.05 6.3 | 43,6 | 40.7] 9.3] 90,1 1.53 0.76 

3.77 2.5 | 28.1 | 48,7 | 20.1 | 0.6 1,88 0.77 

6.98 — 1.0 | 18.1 | 58.4 | 21.3 3.03 0.70 

7.63 — 0.4 | 10.8 | 53.3 | 32.5 3.27 0.70 


It should be expected that the effective charges determined by the two 
methods would differ. When measuring the specific energy losses of heavy 
ions both losses by electronic collisions (~ i?) and other types of energy 
losses in nuclear and inelastic atomic collisions are taken into account. 
Consequently, data on the specific energy losses may yield overestimated 
values of #, Actually, the other types of energy losses are significant 
for very heavy ions (fission fragments) and for comparatively slow 10ns. 

A special investigation /403/ has shown that both methods give well cor- 
responding values of @ if the velocity of the particles is sufficiently high. 
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As an example of measurements of the effective charge of fast heavy 
ions by means of the range-energy curves, Figures 69 and 70 give the 
results of /403, 431, 436/. The abscissa in these curves is the ratio of 


C 2 
the ion velocity to the characteristic velocity ( 137 Zils of the electron in the 
Thomas-Fermi model. Figur.: 69a shows that the effective charge of ions, 


<0.8—0.9 ), 


is a monotonic function of the parameter 137 Bz. for large values of sor, 


é 
which still retain a sufficiently large number of electrons ( - 


rather, at particle velocities close to the velocity of their K-electrons, it is 
better to choose the parameter 137 B27, i.e., the ratio of the ion velocity 


uv to the velocity aT of its K-electron. 
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FIGURE 67, Equilibrium charge distribution of nitrogen (A) and 

neon (8) ions in gases ang in celluloid film (CF) /81/. The 

velocities (in units of 10° cm/sec) for nitrogen ions are; 2,60 

(a), 4,11 (b), 5.69 (c), 7.02 (d), 7.91 (e), 9.15 (f. 11.64 (g). For 

neon fons: 2,65 (a), 4,04 (b), 5.52 (c), 6.33 (d), For each dis- 

tribution, the sign "4" on the abscissa is the value of @ and on 
the ordinate — the value of (2n02)~'/2 


Thus, when the degrees of ionization are not very high, the experimental 
data on effective atomic charge can be featured within a wide velocity range 
by the parameter 137 Bz~*, where Ja] <1. 

\ 
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e ° T 2 
Figure 69b gives the dependence of (2) on B2~ for fluorine ions in 


various gaseous and solid media. The experimental points are grouped 
about two curves, one of which corresponds to solid absorbers (aluminum, 
nickel), and the other to gaseous absorbers (oxygen, argon). For a given 
velocity, the effective charge of heavy ions in 
metals is larger than in gases. The same con- 
clusion follows from the experiments of 
Nikolaev et al. (see above) as well as from 
Lassen's work /364/, showing that fission frag- 
ments have a smaller effective charge in gases 
than in a cOndensed medium, 

According to Bohr and Lindhardt /182/, this 
effect may be due to the dependence of the ratio 
of the capture to loss cross sections of an elec- 
tron On the residual excitation of the ions. It 
contributes to the loss of electrons and prevents 
their capture in condensed media, where the de- 
excitation time of excited states is large. 

The broken curve in Figure 69b represents 
the dependence (7.12). 

Fulmer and Cohen / 258, 259/ studied the 

12 71836 7 equilibrium charges of fission fragments in hydro- 
— gen and helium by magnetic analysis. As inthe 
FIGURE 68, Degree of ioni- 
pat nile ie toni aut works of Lassen, an almost linear dependence of 
media /81/: it On the velocity of the fragments in the range 
v= 2u,—6 u&, was observed, whichcorresponds toa 
variation of £ from~5 to 17 (Figure 70). Fulmer 
Spi ees. 4d SEAS. and Cohen also confirmed Lassen's conclusion 
2—nitrogen ions; 3—boron that the effective charge of the fragments depends 
ions; 5—argon ions; 6—phos- on the pressure of the gas in which they are 
phor ions moving. 
Stopping (energy losses) of heavy ions in matter. 
The stopping of fast protons and alpha-particles 
is Obtained along the entire path by inelastic collisions with the electrons 
of the stopping medium; elastic and inelastic nuclear collisions are of 
negligible importance (see § 2-5). Inthe stopping of fast heavy ions it is 
also possible to neglect the energy losses in inelastic nuclear collisions 
(§ 3). However, energy losses due to elastic nuclear and inelastic atomic 
collisions are important along a considerable part of the path of heavy ions 
(as we already noted above, charge exchange collisions are themselves a 
source of energy losses for the incident particles). 

The energy losses in electronic collisions are determined by the mean 

square effective ion charge 


a-—o= 3-108 cm/sec: b—»#= 
= 6-108 cm/sec; c—9=11.108 


<z?*> pml. 


The stopping power of a medium for ions due to inelastic collisions with 
electrons can be calculated by substituting # for z*in Bethe's formula 


(4.20), if 
tT (AS)« 
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or in Bohr's formula (4.8), 
= 2x e® 
; (= ze ) > 1. 


For fission fragments the last condition is fulfilled, for example, along 


most of their path length. 
The energy losses in elastic nuclear collisions are determined by 


(2.54)*. An example of calculated data for carbon and oxygen ions 1s given 
in Tables 5 and 6, 


aor = ot2:—S—(‘ét Os WH? 


Equilibrium charge ¢ 


/ 3 4 5 
=o 
19792 77 
FIGURE 69. Experimental dependence of FIGURE 70, Equilibrium charge of light and 
({/z on 137 2° for various heavy ions heavy fission fragments in various gases as a 


function of the velocity of the fragments /258 
a — in oxygen /436/; b— in aluminum and ere ener! je agents caus 


nickel (curve 1), in oxygen and argon (curve For heavy fragments: 1—in argon, 2 — in air, 
2). according to /436/; the broken line 3 3—in hydrogen; 4—in helium, For light frag- 
gives the dependence for nitrogen ions in nickel. ments; O—in argon, 6—inair, 7—in hydrogen. 


8 — in helium. 


If we disregard the logarithmic terms in the expressions for the energy 
losses in electronic (§ 4) and in nuclear (§ 2) collisions, the ratio of the 
energy losses by heavy ions in nuclear collisions to the losses in electronic 
collisions at a given ion velocity will be 


CA) 


where mis the electron mass, and 
» 1s the reduced mass of the colliding atoms. 
The ratio increases with decreasing particle velocity. 


* Knipp and Teller /338/ give an expression for the energy losses in nuclear collisions which is different 
froin (2,54) in the logarithmic term, 1n most cases the corrections of Knipp and Teller can be neglected, 
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The energy losses in inelastic atomic collisions, connected with pure 
ionization or charge exchange, cannot be calculated accurately. However, 
some estimates were obtained /29, 79, 115/. 


TABLE 58 


‘ < : sits . ‘ ° s 9) 
Atomic stopping power of gases for ions of lithium, nitrogen and neon (in units of 10 14 ey.cm?/atom) 


Lithium ions /135/ Nitrogen ions /498/ Neon ions /498/ 


At present, a considerable number of experimental data are available 
on the energy losses of fast heavy particles in various media. However, 
these data are confined to narrow energy ranges and do not provide a 


complete picture. 
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FIGURE 71. Stopping power of metals for 
nitrogen ions /422/, The solid curve repre- 
sents the stopping due to inelastic collisions 
with electrons, the broken curve gives the 
stopping with allowance for nuclear collisions 


The stopping power of various gases 
for slow ions of lithium, nitrogen and 
neon with energies up to 450 kev was 
studied in /135, 224, 498, 289/. The 
data are givenin Table 58, 

The stopping power of solid materials 
for ions of carbon and oxygen with 
energies of 0.36-3.6 Mev and for ions of 
nitrogen with energies of 0.46-1.8 Mev 
was measured by Porat and Ramavata- 
ram /416, 422/. Their results are 
given in Tables 5 and 6 and in Figure 71. 

Lillie /363/ determined the stopping 
power of air for B and C™® ions with 
energies from 0.5 to 6 Mev. Reynolds 
et al. /435/ found that for nitrogen 
ions with energies 8-29 Mev, the energy 
losses in nickel are almost constant and 
equal to 3.7 Mev: cm“/ mg. 


The dependence of on the energy 
for fast (+ x 2 — 10 Mev/amu } 


heavy ions in nickel, oxygen and nuclear 


emulsions was obtained by differentiation of the range-energy curves (see 
Figures 81-82) in /431/. These relations are presented by the curves of 
Figures 72 and 73. Similarly Northcliffe et al. /403, 465/ obtained data 
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on the dependence of the stopping power of aluminum, Mylar and poly- 


ethylene for boron, carbon, nitrogen, oxygen, fluorine, and neon ions 
For the same energy loss, the 


with energies from 1 to 10 Mev/ nucleon, 
: 5 2y-< Mylar 
ratio of the absorber thicknesse;3 (mg/ cm’) is equal to 0.783 | 


polyethylene 


and 0,692 ( : 
aluminum 


cm2 


a(1/A) Mev/amu 


Pdx 


T/A, Mev/aimu 


FIGURE 72, Stopping power of oxygen for heavy ions /431/ 


Teplova et al. /101/ studied the stopping of heavy ions in air, argon, 


and hydrogen in the velocity range from 1.5: 10° to 12: 108 cm/sec. The 
results are shown in Figure 74. It follows from Figure 74 that for 7< 5-10 


cm/sec the specific energy loss (and its proportional ionization) varies for 
ions with z = 4 — 10 almost linearly with the velocity. 


Mev/ amu 


a(T/A} 
Pax 


T/A, Mev/ amu 


FIGURE 73, Stopping power of nickel for heavy ions /431/ 


Figure 75 gives experimental curves of the dependence of the specific 
ionization on the range (Brigg's curve) for heavy and light fission frag- 
ments in hydrogen and deuterium (for other gases similar curves are 
obtained). The existence of different Brigg's curves for particles of 
small charge and for fragments should be observed. In contrast to alpha- 
particles and protons whose specific ionization increases continuously 
with the range, the specific ionization along the path of a fragment decrea- 
ses continuously. The form of the final sections of Brigg's curves is the 


same in both cases. 


134 


As the charge of the ions decreases, Brigg's curves are gradually 
changed, which can be seen from a comparison of Figures 75 and 84. 


Ranges of fast heavy ions in matter. 


The dependence of the range on 


the energy of heavy ions in matter was experimentally studied in /73, 87, 


90, 101, 154, 164, 218, 224, 287, 403, 431, 379, 435, 440/. 


Ssemi-empi- 


rical range- energy relations for heavy ions in emulsions were proposed 
by Livesey /362/, Papineau /417/, Lonchamp /361/, Barkas et al. /287/. 
Asa rule, the method proposed by Knipp and Teller was used /165, 338/, 


which is based on the Thomas-Fermi model, 


In the work of Maksimov 


/76/, a universal range-energy relation for multiply- charged ions was 
obtained from experimental data on the assumption that the specific 
energy losses and range of the ions depend only on 7/4 of the incident 
particle and on the mean ionization potential of the medium. 
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FIGURE 74, Specific energy losses of multiply-charged ions in air (a), argon (b), hydrogen (c), 
according to the measurements of /101/ 


Figure 76 gives semi-empirical range-energy curves for heavy ions in 
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FIGURE 75, lontzation (specific energy 
losses) as a function of the range of light 


a nuclear photoemulsion (p= 3.181 g/cm’), 
The points in this figure represent some 
experimental ranges; see also /73, 90, 
218, 396 440, 164/. 

The ranges in an emulsion of other heavy 
ions with charge z and mass Mcan be deter- 
mined by the relation 


R =(—) d(B) + M2°/3 CG (+) (7.13) 


The values of 4(8) should be taken from Table 
46, The numerical values of C,, an empirical 
function taking into account the residual 
range, whichis mainly controlled by electron 
capture, are given in Figure 77. 

Figure 78 gives experimental curves of the 
given ranges of heavy ions in air, argon and 


(curve 1) and heavy (curve 2) fission frag- 


ments in hydrogen and deuterium /369/ hydrogen as a function of the particle velocities. 
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FIGURE 76, Range in a photoemulsion versus energy of heavy ions /287/ 


a— f= 0-50 Mev; bh—T = 40-90 Mev; 
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c—fF = 50-100 Mev; d—T = 70-120 Mev 


The solid curves were obtained by integration of the curves of the specific 
energy losses (Figure 78), and the points represent the results of direct 


measurements /101/. 
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FIGURE 77, The function C, versus the ion velocity /287/ 


Experimental range- energy curves for heavy ions in aluminum, Mylar 
and polyethylene, obtained in the works of Northcliffe et al. /403, 465/, 
are given in Figures 79 and 80. 
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FIGURE 78, Range of heavy ions in air 
(a), argon (b) and hydrogen (c) versus 
energy 


Experimental curves of the range of heavy 
ions in oxygen and nickel are given in 
Figures 81 and 82 /431/. The data given 

in Figures 79-82 (see below) are normalized 


to an initial energy of — = 10 Mev/nucleon 


for the fast ions. The experimental] data for 
helium ions obtained in /403, 465/ are in 
satisfactory agreement with the data of in- 
dependent measurements (Table 42). 

Table 59 contains some experimental data 
on the ranges of heavy ions in various media 
/86, 435, 440, 514/. 

Results of measurements of the mean range 
of Li® ions in hydrogen, deuterium and helium 
are given in Table 60. The difference in the 
ranges in hydrogen and deuterium is due to 
differences in the nuclear collisions during 
the stopping of the ions (§ 2). 

Figure 83 shows on a logarithmic scale 
the dependence of the range on the energy of light 
(A mean = 94.7 ) and heavy (A mean = 138.8) 
fission fragments in various media. For this 
purpose the data of experimental works / 142, 
258, 346, 376/ were used. 

The range-energy relation for the frag- 
ments is satisfactorily given by 


R=kT, 


where the constant a is approximately 2/3 (more accurate values of a 
are given with the experimental curves of Figure 83). 


137 


T/A Mev/amu 


0 S$ 0H 15 0 
0 ~ 


tit 


. 

i 
NS 
\ 


A 


NTL 
ei 
JENN) 


é 


0 10 3 
Aluminum thickness, mg/cm 


FIGURE 79, Range of heavy ions in aluminum /403/ 
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FIGURE 80, Range of heavy fons in Mylar and polyethylene /465/ 
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FIGURE 81, Energy versus range of heavy ions in oxygen /431/ 
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FIGURE 82, Energy versus range of heavy ions in nickel /431/ 
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FIGURE 83, Experimental range-energy curves for heavy (a) and 
light (b) fission fragments /142/ 
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TABLE 59 


Ixperimental values of the mean range of heavy ions for various values of their energy 


lon ranges 


Oxygen in gold 


/26/ 


Oxygen in copper 
/86/ 


Carbon in gold 
/86/ 


Nitrogen in nickel Carbon in cc per 


/435/ /86/ 


R, 


T, R, a °o 

Mev | mg/cm me/em~ 
30,0 
37.6 
40,2 


§ 8. Relation between energy losses and ionization 


Ionization methods of detecting and determining radiation energies are 
based on the ionization effects of particles in the sensitive volume of the 
detector /3, 23, 39/. The relation between the energy lost by the particle 
and the ionization produced by it is very important. 


The specific ionization ks (the number of ion pairs per unit path length 


of the ionizing particle) in contrast to = cannot be determined theoretically. 


Values of = are therefore obtained only from experiments, and it was es- 


tablished that a proportionality exists between # and in a wide range of 


incident particle energies. 

Primary, secondary and total ionization are distinguished. 

Primary ionization is determined by the number of ion pairs formed 
directly in collisions with atoms of the stopping medium. The emerging 
electrons, and in elastic nuclear collisions, the recoil atoms, may have 
energies sufficient to cause further ionization. The maximum energy given to 
an electron by a heavy particle is, according to (2.3), 4. 7 and the 


maximum velocity transferred is 20, where m, T and ware the mass, 
energy, and velocity of the incident particles. 

Thus, a fraction of the electrons appearing upon primary ionization 
have energy sufficient to cause secondary ionization. The maximum energy 
transferred by a 5 Mev alpha-particle to an electron is ~3 kev. [Ionization 
electrons acquire an average energy of 200 ev; this is sufficient to produce 
Secondary ionization, which constitutes a considerable fraction of the total 
ionization. 
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TABLE 60 


Experimental mean ranges of Li8 ions in hydrogen, 
deuterium and helium /224/ 


Range at normal temperature and pressure. cm 


Hydrogen, Hg | Deuterium, Do Helium, He 


36 — — 0.26+0.17 
42 0,.2140.04 — —_ 
62 —_ = 0.66+0. 10 
66 0.32+40.04 0.38+0.04 0.60+0.05 
100 0.72+0.04 0 .82+0.05 1,.21+0,07 
201 — 0.90+0.04 _ 
233 0.90+0, 07 0.97+0.06 1.50+0.07 
275 0.96+0.04 — 1,.§2+0.07 
291 0 .96+0.04 — 
328 — 1.73+40.07 
377 1.14+0.04 1.79+0.06 
1.224+0.04 1.99+0.08 
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FIGURE 84. Specific ionization as a function of the 
residual range in air for alpha- particles(a) and protons (b) 


The total ionization is the sum of the primary, secondary, tertiary and 
higher Order ionizations. The total ionization is the quantity measured in 
proportional counters and ionization chambers. 

In order to separate the primary ionization, either measurements ina 
cloud chamber are made /512/, or the dependence of the efficiency of the 
Geiger counters on the velocity and mass of the particles is studied /427/. 

In the first case, the ion groups in the track are counted until the ions 
begin to scatter. In the Second case, use is made of the fact that the 
efficiency of a Geiger counter is 


&= i— exp(—/J, ee), 


where /, is the specific primary ionization, pairs. cm*/g; 
p is the gas density in the counter; 
f is the particle range in the counter. 

A very important experimental fact is the almost complete independence 
of the energy w, spent on the formation of one ion pair, of the initial 
energy of the ionizing particle. In fact, as will be seen later, the values 
of w for different particles ina wide velocity range differ by a factor of no 
more than 1.5-2 in various stopping media. The constancy of the energy 
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spent on the formation of one ion pair is significant in the use of gaseous 
and solid counters tcr spectrometric measurements and for the determina- 
tion of the range- energy relation. 

Specitic ionization is the term applied to the total number of ion pairs 
formed by a particle per unit 0 ith length expressed in grams per cm? or 
in centimeters. 

The dependence of the specific ionization on the residual range for fast 
particles of small charge is shown in Figure 84, The initial rise in the 
curves with the decreasing residual range is due to the increase in the spe- 
cific energy losses; the fall off, following the maximum, is caused by 
charge exchange collisions and by the decrease in the effective charge of 
the particles (§ 7). 

The most careful measurements of the specific ionization produced by 
alpha- particles in air were performed by Holloway and Livingston / 285/ 
with a small ionization chamber*. It was shown that the maximum specific 
ionization is observed for a residual alpha-particle range equal to 
0.40+0, O2cmofair, and for anaverage effective charge of 1.5 (see § 7). Direct 
measurements by Stetter and Jentschke /461/ have shown that the maximum 
specific ionization for alpha-particles in air corresponds to the formation 
of 6600 pairs/ mm (cf. Figure 84). 

The specific ionization of protons in air was studied by Jentschke /327/. 
He found that the maximum specific ionization is observed for a residual 
range of 0.1 cm and is then equal to 2750 pairs/mm. 

For large residual ranges the specific ionization of alpha-particles is 
four times as large as the corresponding values for protons. At the 
maxima Of the specific ionization curves this ratio is not satisfied partly 
because two electrons participate in charge exchange in alpha- particles, 
whereas in protons — only one. It follows from the theory (§ 4) that a and 


consequently also j= pe varyas g-? up to B ~0.97, and then the ionization 


should increase is log By, where y= (1 — B2)—"* (if the density effect is not 
taken into consideration), 
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FIGURE 85. Specific energy losses of w-mesons and 
electrons on ionization in helium 


1—theoretical curve taking into account the density 
effect according to Sternheimer /446/; 2—the same, 
according to Budini and Taffara /211/ 


* See also more recent measurements /322, 461/, 
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The relativistic increase in the energy loss and the corresponding 
increase in the ionization was studied by several authors; see, for example, 
/127, 332, 365, 198, 428/. Figure 85 gives the results of /332/ on the 
specific ionization produced by electrons and p-mesons in a cloud chamber. 
These data are compared with the theoretical curves of Sternheimer / 446/ 
and Budini /211/, taking into account the density effect. 

Energy spent by an alpha-particle on the formation of one ion pair. In 
order to determine the energy w,, spent by an alpha-particle on the forma- 
tion of one iOn pair, the ion or electron current, generated when alpha- 
particles are absorbed in the sensitive volume of ionization chambers, is 
measured, 

Early results of the determination of w, are considered in Gray /269/, 
whereas more recent work is dealt with in the review by Valentine and 
Curran /485/*. In early experiments air was used as the standard 
medium for relative measurements of w,. Table 61 gives values of w, for 
various gases, calculated on the basis of measurements by Schmieder 
/457/, Stetter /458/, Alder et al. /139/, which were the most reliable 
at the time. These authors used the alpha-particles of Po*’® and air as the 
standard working medium of the ionization chambers. Schmieder deter- 
mined the absolute values of w, for various gases, assuming the energy of 
Po?! alpha-particles to be 5.27 Mev, and the number of ion pairs from 
One alpha-particle in air to be 1.5-10. For the convenience of comparison, 
Table 61 also gives values of ®.(gas)» reduced to the same standard value 
Wecairy =34.7 ev /139, 20/. 


TABLE 61 


Energy w, (ev) produced by alpha- particles on the formation of one ion pair in various gases (calculated 
on the basis of experimental values of w /w ) 


“(gas) ® (air) 


Gas Gray /269/ Schmieder /457/ Stetter /458/ Alder et al. /139/ 


LE. SW Ok 2 oe a ee Se 35.1 (34.7) 34.8 (34.7) 35.7 (34. 7) 34,7 4 0,5 
Hydrogen, Ho ..... 36,0 (35.6) = 36.8 (35, 1) = 
Helium, He ...... 31.0 (30,7) _— = _ 
Nitrogen, No...... —_ 36.1 (36,2) 37,3 (36. 2) 36.3 + 0.4 
Oxygen, 9 .. 2... = 32,4 (32,3) _ —_ 
Neon, N€: 2 2h $05 — 21.2 (27.4) 29.9 (29.0) — 
BISON. Be 5 ds Sea ess — 24,37 (24,3) 28.5 (27.7) _ 
KEYPLOMy (KES 4d -w:al gts 22,493 (22,3) 26.4 (25.6) _ 
MENON, AC o: 4-4 wwe 4 21.4 (21.3) 23,6 (22.9) = 
Nitric oxide, NO ,..., 30,05 (29, 9) _ 
Nitrogen dioxide, NO9g . 33.0 (32.9) = 
Nitrous oxide, NX)... 32.4 (32.3) — 
Carbon monoxide, CO , 34,0 (33,9) — 


33.9 (33,8) 
29.4 (29,3) 


Carbon dioxide, CQ)o . 
Methane, Cll4 


eo ee ee 28 @ 


Ethane, Coll it a sigs te Me 27.0 L269 = 
Reimark. The figuresin parentheses are the valuesof w , reduced to the same standard value of 
34.7 ev /20/ ee 
w = 34.7 ev /e0/. 
* (air) 
° Theoretical calculations of w, for hydrogen and helium were performed by Erskine /240/. See also /411/. 
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In /508/ it was assumed that the dependence w,(,;,,0n the energy of the 
alpha-particles is only an artifact and is connected with the difficulties of 
ion collection, In particular, the authors of /508/ indicated an effect which 
is independent of the recombination field and amounts to ~3.3% in air under 
atmospheric pressure. 

In /201, 330/ it is shown that the conclusions made by Wingate et al. /508/ 
are mistaken; the validity of the extrapolation method of the saturation cur- 
rent in the chamber, normally used in the measurement of w, was again 
confirmed. This method gives for the alpha- particles of Po”! w,(si)= 34.99 ev 
and a total number of ions of 151, 160 /330/; see also Table 62. 

The absolute measurements of Bay et al. /201/ with an ionization cham- 
ber, which contained the whole range of the alpha-particles, led to the fol- 
lowing results: W, (air) 34.9740.07 ev, Ww, (N,) > 36.384 0,07 ev; ®.1co,)* 34.04t 
+0.1 ev, 

The weighted mean of four independent absolute measurements of w. (A) 
for T, = 5.3 Mev//319, 189, 464, 506/ is equal to w, = 26,39 ev and ex- 
ceeds by 0.5% the weighted mean absolute value of w, (A) for 7=50-1000 kev 
(see § 16). 

Energy spent by protons on the formation of one ion pair. There are 
considerably less data on w, (the energy spent by protons on the formation 
of one ion pair) than data onw,. The available results of measurements 
of w, are given in Table 63. 


TABLE 63 


Experimental values of 2p (885) 
W. (A) 


Wp, ev Wp (gas) Wy, EV Wp, eV 
Gas (Ty =10-250 kev) (7 )=340 Mev) Wo (A) (7,=7,56 Mev) (T, -2 Mev) 
738) 
Argon, A... wwe. 26.5 £ 0.5 26.66 £ 0,26 
Helium. We .....,. = = 
Hydrogen, Hg ..... 7 - 
Nitrogen. No...... 36.6 £0,7 36.68 £ 0.34 
PRUE 00 Se nae Seebeck op 35.18 £ 0.42 
Oxygen, OQ ...... a 
NEOs N@ gece ie ke Sas ~ 
Carbon dioxide, COo. . 34.37 £ 0,33 


Comparing the data of Tables 62 and 63, it can be seen that the absolute 
and relative values of w, and w, for the same particle energy are somewhat 
different, 

Special measurements of the relative ionization produced by protons, 
deuterons and alpha-particles /475/ have shown that w (A) for proton 
energies 0.2-0.5 Mev is 8% larger than w, (A) for the same alpha-par- 
ticle energies. 


Bakker and Segre /158/ measured the ratio re 


Wp (A) 
using two identical ionization chambers, filled with gas being investigated 
and with argon (the chamber with argon served for monitering). The value 


in various gases, 
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of w was determined by 


aE 
aE dx 
ES a ea (8.3) 


dx 
where = was calculated, and ~ was determined experimentally from the 
ionization, In the calculations w, (A) =25.5ev was taken. 
f W, (gas) 
Ww» (A 
than for' alpha particles. 
Energy spent by recoil atoms and fission fragments on the formation of 
one ion pair. At high velocities, the value of wm for fragments and heavy 
recoil atoms differs only slightly from w,, since at high velocities electron 
collisions are most important, As the velocity decreases, a considerable 
part of the energy of the heavy ions is transferred to the recoil atoms 
and the value of w begins to depend on the ionization efficiency of the secon- 
dary particles, i.e., the recoil atoms. Knipp and Ling /344/ considered 
this problem theoretically and introduced the concept of the ionization de- 
fect, which they defined as follows: 
AT=T—w. J 
where 7 is the energy of the primary particle; 
J is the number of ion pairs formed by it; 
Ww. is the energy spent by an alpha-particle on the formation of one 
ion pair ( wr, = d7/dJ\, 
According to these authors, for fast At ions in argon the ionization de- 
fect AT is equal to 0.78 Mev, for light fission fragments (7 =98 Mev)AT = 
= 2.5 Mev, and for heavy fission fragments (T= 67 Mev) AT= 4.2 Mev. 
According to the theory, the ionization defect in light gases, for example 
in helium, shouldbe smaller than in argon. Special investigations /481/ 
confirm these theoretical conclusions qualitatively, although experimental 
data /303/ exist which contradict this theory. 
some investigators measured the quantity ae Thus, accc rding to 
Vertenstein (1913), the recoil atoms formed upon the disintegration of 
ThC spend several times as much energy as their associated aipha-par- 
ticles on the formation of one ion pair in air. 
On the other hand, Gerthsen and Grimm /272/, studying the disintegra- 
Wrecoil 
@, 
approximately equal to one. Madsen /380/ measured with proportional 
counters the ionization produced in argon by the recoil atoms and the alpha- 
particles from the disintegration of Po, ThC, and ThC'. He found 
faa aes 


The values o turned out to be closer to the values for electrons 


tion of ThC' in an ionization chamber filled with air, found that 


are equal to 4.4, 3.8, and 3.4 respectively. The avsolute value 
ve dE 
@ recoil™ WW 
for recoil atoms with energies, 100-170 kev was then found to be 67 ev, i.e., 
2.5 times as high as @, (A). { 

Stone and Cochran /459/ used a modification of Madsen's technique 
(proportional counters in coincidence circles) and obtained the results 
given in Table 65. Their data /459/ differ considerably from the results 
of Madsen /380/ and Jesse and Sadauskis /325/. 

Ionization fluctuations. The resolving power of ionization chambers 
and counters used for spectrometry, as well as the accuracy of the energy 
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measurement of particles from the ionization produced by them, depends 
on the fluctuation in the number of ion pairs formed by particles of the 
Same initial energy. This problem was investigated theoretically by 
Fano /248/ in 1947. According to his calculations, the mean square fluc- 
tuation in the number of ion pairs formed by charged particles of the same 
energy is 


BY ae (V oe N, y > mean= FN, (8,4) 


where MN, is the mean number of ion pairs, and F is defined by the 
expression 


2 2 2 
2 i | 2 (yl — w,) fe > Pe (wo? — w,) | (8.5) 


1on ext 


( 


here p, is the fraction of the collisions associated by energy losses 


w and leading to ionization; 
p)) and w*’ are the corresponding values for inelastic collisions exciting 
the atoms; 
W, is the mean ionization energy loss for all the collisions; 
wis the mean energy spent on the formation of one ion pair, 


so that 
I—p 
TABLE 64 
W ecoil ; 
Values of for the alpha-particles of ThC and ThC' and their associated recoil atoms /459/ 
a 
Gas w : w ; 
w ; recoil w recoil 
recoil —— recoil ——— 
ww, 
Carbon dioxide, COn.. +. - 99 2, 88 
Propylene, CgHg ... . i 92 3,95 
Ethylene, Colizg «1... 90 3.21 
Helium, He (with impurities) . O09 1,33 
Hydrogen, Ho. 2. eee. 68 1,84 
Methane, CH4g .... 1.45. 96 3. 26 


The exact values of the quantities involved in (8.5) are unknown, and there- 
fore the theory allows only an estimate of the upper limit of Fas F< 3/4. 
This conclusion is confirmed by the results of Hanna, Pontecorvo and 
Kirkwood /309/, who measured the fluctuations in the pulses formed ina 
proportional counter with argon by low-energy electrons (0.25-17 kev). 
More definite conclusions on the magnitude of F and on the limit of the re- 
solving power of ionization chambers filled with argon were obtained by 
Komar, Vorob'ev and Korolev /59/. They measured the half-width of the 
lines formed by the alpha-particles of Ra?** and Fr?) and the mean square 
fluctuations énof the radionoises, They found that 8, (6 Mev) is equal to 
9.8 kev, so that for 6,-4.7 kev the resolving power of an ionization 
chamber for alpha-particles with an energy of ~6 Mev is 17 kev. These 
measurements also made it possible to determine the experimental value 
of F, equal to 0,22. 
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§ 9. Vavilov-Cerenkov radiation 


The Vavilov-Cerenkov (V-C) effect manifests itself in the radiation of 
light when charged particles pass through a medium with a velocity uv ex- 
ceeding the phase propagation velocity of light waves inthe medium, u=—— 


(c being the velocity of light in vacuum: a is the refractive index of the . 
medium). This effect was observed and studied in the experiments of 

P. A. Cerenkov /124/ which are concerned with the investigation of the 
glow of pure liquids, caused by the gamma-rays of radium. Vavilov and 
Cerenkov correctly explained the physical nature of the effect, showing 

in special investigations /124, 125/ that the radiation is not due to the 
emission from excited atoms and molecules of the medium (luminescence), 
It is emitted by fast electrons appearing in the compton scattering of gamma 
rays, Infact, this specific radiation is practically instantaneous and pos- 
sesses a sharply pronounced spatial asymmetry. It is emitted forward in 

a direction making an angle 8 with the direction of motion of the charged 
particle, The cosine of the angle between the direction of motion of the par- 
ticle and the direction of propagation of the Cerenkov radiation is 


a l 
veto 2 cos 8 = — in (9.1) 

This follows from the condition that the optical difference in the path of 
the waves emitted by the moving particle at various points of its trajectory 
is equal to zero, and from the natural assumption that waves emitted in 
other directions eliminate one another by interference, 

It also follows from (9.1) that radiation is emitted only on the condition 
that Ba > 1. 

In a medium with a refractive index n=1,.5, the minimum velocity at 
which a particle radiates is 0,,,= 0.667 ¢, This corresponds to a threshold 
energy of ~200 kev for electrons, and ~320 Mev for protons. As the 
refractive index decreases, the threshold velocity increases. 

Cerenkov also showed /124/ that the radiation has a continuous spectrum 
and is so polarized that the electric vector lies in the plane passing through 
the ray and the direction of motion of the particles. 

The V-C radiation, on the one hand, has a continuous spectrum of light 
energy and, on the other hand, a real medium has dispersion, i.e., the 
refractive index depends on the frequency, and therefore the cone of the 
Cerenkov radiation has some ''thickness", depending on the stopping and 
dispersion properties of the rnedium (§ 4). 

In some respects, the formation of Cerenkov radiation is similar to 
the formation of shock waves (Mach waves) in air by the motion of bodies 
with supersonic velocities. 

Intensity and spectral composition of the V-C radiation, the classical 
theory of the V-C effect, explaining the basic features of this phenomenon, 
was given in the works of Frauk and Tamm /106, 102/. Since the V-C 
radiation is due not to interaction of particles with individual atoms, but is 
a result of the interaction with the medium as a whole, Frank and Tamm 
considered the medium as continuous and characterized it by a macroscopic 
parameter — the dielectric constant ¢(v), or by the refractive index n(v). 

According to Frank and Tamm, the mean number of photons with 
frequencies from v to v+dv, emitted per unit path length of a particle 
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with charge ze, is 
z3e2 2nztAv Qnzz ] 
N (v) dyn? Fe |! - ca | = 876 sin?8 = F(a — 35) sint®, (9.2) 


i.e,, the radiation has a continuous spectrum, with maximum energy con- 
centrated at the highest frequencies. The radiation contains components 
of all frequencies, for which the refractive index mis higher than =. For 
example, X-ray quanta cannot be radiated since for them A<1. 

Assuming that the refractive index # is independent of the frequency in 
the range Av= 3.: 10'4 c.p.s. (the frequency range of the visible light), we 


have 
dN = 450 sin*®@ quanta/cm (9.3) 


For lucite (m= 1.50) a particle with charge z= 1 and velocity P= 1 
gives a radiation yield of 250 quanta/cm., 

The energy losses on V-C radiation over a distance dx traversed by a 
particle is according to (9.2) 


(2), St ( (1—pb) 0.8 


(Ba>1) 
and is of the order of ~1 kev/cm, i.e., negligibly small compared with 
ionization and other forms of energy losses (§5). 
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FIGURE 86. Maximum angle of Vavilov- FIGURE 87. Schematic layout of equipment 
Cerenkov (1) and the radiation yield (2) for measuring fast proton energies from the 
forsingly- charged particles as a function angle of the Cerenkov radiations /384/ 


of the refractive index of the mediuin. 
Calculated for the band 3500 - 5500 A 


Figure 86 gives the Pepengence of the radiation yield $ —— “ for the wave- 


length band 3500- 5500A and of the maximum angle 6 of the radiation on 
the refractive index n. The curves were obtained for particles with 
charge z= 1 (electrons, protons and soon). For particles with charge 


z> 1, the values of the a ce of the curve a have to be multiplied by 


z*, In order to calculate = “ N for other geecienan ranges, the value ob- 


tained from the graph of Figure 86 should be multiplied by 9620 (Sa). 
where i, and ), are expressed in angstroms. 

The aeantine -mechanical theory of the V-C effect, developed in /32, 
33, 99/, leads to results which differ only slightly from those of the 
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classical theory (formulas (9.1) and (9.4)). The corrections to these 
formulas, taking into account the recoil due to the emission of radiation 
quanta, are of the order of +. 107° where A is the comp7on wavelength 
(A = ar = 0.024 A). 

Detailed information on the theory of the V-C effect is contained in the 
papers /15, 33/, as well as in Dzhelli's book /40/. 

Use of Cerenkov counters for measuring the energy of ultra-fast 
protons. A very important feature of the V-C radiation is its independence 
of the rest mass of the initiating particles, but its strong dependence on 
their charge and velocity. A second feature is the sharp directionality of 
V-C radiation. 

Finally, a very important fact is that the radiation has practically no 
inertia, 

These features enabled the wide use of devices based on the V-C effect 
for the solution of certain problems in nuclear and elementary particle 
physics. Examples of the application of Cerenkov counters are given in 
Dzhelli's book /40/. 

Here we shall only consider the use of Cerenkov radiation for an ac- 
curate determination of the velocity of ultra-fast protons /384, 49/. 

The equipment for measuring the angle 6 is shown schematically in 
Figure 87. 

Protons from an accelerator passing through an inclined plate of flint 
glass (m= 1.88) cause emission of light. The V-C radiation, reflected 
from the metallized back wall of the plate, falls onto a prism and sub- 
sequently on the film in the camera. The angle of inclination of the prism 
is chosen so that the dispersion of the prism compensates for the disper- 
sion of the Cerenkov radiation in the first order. This improves the 
sharpness of the image and the accuracy of measurement of the angle 8, 

From the measured values of nand 6 it is easy to determine the kinetic 
energy of the proton by (9.1) and (2.15): 


T= M,¢ vases —! (9.5) 


Mather /384/ measured 340 Mev protons to within+ 0.8 Mev (0.2%). Zrelov 
and Stoletov /49/, using a similar method, measured 658 Mev protons to 
within + 2 Mev (0.3%). 


§ 10. Some methods of identifying fast charged 
particles and their energy measurements 


In many physical investigations (for example, in the study of nuclear 
reactions or cosmic rays) it is necessary to determine the nature and 
energy of the radiating particles. In order to identify the particles, it is 
first necessary to determine their charge and mass, For this, at leas: 
two dynamical quantities, characterizing the interaction of the particles 
with electromagnetic fields or with matter should be measured simultane- 
ously*. Some of the methods of identification of charged particles will be 
considered below. 


* An exception is the extreme relativistic case, 
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Identification of particles from track characteristics in a photoemulsion. 
The track characteristics of a particle in a photoemulsion, i.e., the density 
of the grains, or of the clusters of grains, as well as the thickness and den- 
Sity of the track depend on the specific energy loss = and on the specific 


ionization J produced by the particle. Ifweneglect the factors connected 
with the regression of the latent image or with the inhomogeneity of the ... 
silver halide in the emulsion*, then 


y~ =f, (9) = 24, (£) (10.1) 


where M, z, E, B are the mass, charge, energy, and velocity of the inci- 
dent particle. 

On the other hand, the range of a particle is connected with its para- 
meters by the relation (see § 6) & 


R= =f, (6). (10.2) 


Thus, simultaneous measurements of the track characteristics con- 
nected with the ionization (density of grains, density of clusters or of 
breaks between clusters of grains, track thickness) and with the range 
(total or residual range), facilitate the identification of the particles. Thus, 
integrating expression (10.1) we obtain 


E = Mf,(R 27). (10.3) 
Assuming further that : 
fi (R 37) = (aa (10.4) 


we find for the range-energy relation in the emulsion 


| E = kz" M'" RR", (10.5) 
where &is a constant: 
nis a quantity weakly dependent on the mass, 

A particular case of this equation is (6.10), relating the range with the 
energy of fast singly-charged particles in an emulsion. 

The relation between the range and energy of heavy particles can be 
found by using (7.13) and the curves of Figure 76. 

As was shown by the experiments of Lattes et al. /370/, the number of 
grains N, in the track and the range of singly-charged particles are related 


by 
= R 
N, = MF(£). (10.6) 
The corresponding experimental curves for protons, deuterons and tritons 
are given in Figure 88 /239/. They make it possible to set 


F(ar) =* (ar) 


N, = kM'~™ R™ (10.7) 


so that 
(m being an empirical constant). 


* These factors lead to systematic errors in measurement: they can be taken into account or reduced to a 
inininiin hy choosing an appropriate technology of preparation and development of the photoemulsions *~- ~ 
/18, Aa87/, 
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It follows from (10,6) that for particles with masses M,and M,the ratio 
of the residual ranges R, and R3, measured from the points where the par- 
ticle velocities are identical, is equal to the ratio of the numbers N, and N, 
of developed grains on the residual ranges, The method based on this fact 


was used, for example, for the determination of the mass ratios of protons 
and s- mesons (see Figure 89). 
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FIGURE 88. Number of grains in the track ver- FIGURE 89, Number of grains in the tracks of pro- 
sus range of singly-charged particles of various tons, p~-mesons, and x-mesons in a photoemulsion 
masses /239/ as a function of the residual range (range in units of 
9.85 microns) /370/. The straight line at an angle 
of 45° intersects the curve; at points with equal grain 
density 


The empirical relation (10.7) was used by Lattes /370/ in the investiga- 
tion of x- and p-mesons. 
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emulsion; the circles .epresent the hypothetical grain density in 
tracks formed by nuclei at relativistic velocities 


The specific density of the grains oe (the number of grains per unit 


dE 


range length) is a function of the specific energy losses aR Generally, 


this function is not linear; in particular, the higher the specific energy 
losses (high specific ionization), the lower the relative sensitivity of the 
photoemulsion. The connection between a and ot for an emulsion is 
considered in /233, 199/. 

Figure 90 gives the experimentally determined dependence of the grain 
density along the track on the specific energy loss, and Figure 91 gives 
the curves of the dependence of the grain density on the residual ranges 
(measured from points with equal grain density) for particles with masses 
0.25 M,, 1M, and 2M, (M, is the proton mass) /199/. Thus, the ratio of 
the residual ranges of singly-charged particles, corresponding to the same 
grain density, is equal to the mass ratios. 

The method of measuring the grain 
density may only be used for the 
measurement of the s-meson mass, whereas 
the method of counting individual grains is 
only applicable if the number of grains does 
not exceed 50 over a path of about 100 microns 
of track section. 

In these measurements the results are 


Be 20 2s 30 3s often normalized /228, 18/ to the specific 
log ® resi ionization value and, consequently, to the 
FIGURE 91. Graindensity in the track density of the clusters on the ionization 
versus residual range for protons (1), plateau, characteristic of high energy particles. 
deuterons (2), and tritons (3) /199/ The simultaneous effects of the relativistic 


increase in the ionization and of the density 
are taken into account (see § 5). 
Curves giving the dependence of the grain~ 
density N7) and the grain cluster density (NV, ) normalized to the plateau on 
the quantity pB are given in Figure 92 /54/. 
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Identification of particles from the track curvatures in an emulsion. As 
a result of a large number of scattering events in multiple scattering, 
the track of a fast-charged particle in an emulsion is curved. It follows 
from the theory (§ 2) that the mean deflection angle 4, per unit path length, 
i.e., the angle between two tangents to the projection of a section of the 
track on the plane of the plate, is equal to 
a, = ENE (10.8) 
where # is the length of the measurement cell; 

z,p, Bare the charge, momentum and velocity of the particle, respectively. 

The value of the scattering constant depends weakly on the velocity of the 
particle and on the length of the scattering cell. 

If the angle a, is measured in degrees, ¢ in microns, pB in Mev/c, where 
¢ is the velocity of light, then for a nuclear emulsion k= 26p Mev-degree 
per (100p), 

Combining the measurements of the scattering with those of the particle 
range R in the emulsion, or of the grain density in the track, it is possible 
to determine the mass and charge of the particle. This method is applic- 
able in the investigation of fast particles in cosmic rays, The dependence 
of a on the proton range is given in Figure 93. 

Identification of highly-charged particles in a photoemulsion. Nuclei of 
heavy elements, possessing high energies, are detected in the primary 
cosmic radiation. However, the identification of these nuclei py the methods 
described above of grain counting with a simultaneous measurement of the 
residual range is impossible. In this case, either the photometric charac- 
teristics of the track (the thickness of the central part of the range, the 
length of the narrowing part of the track after maximum ionization) are mea- 
sured, or the §-electrons, knocked out from the atoms by the heavy par- 
ticles, are counted, 

Use is also made of the fact that the grain density at the end of the track 
of a multi-charged particle is much greater than the grain density in the 
track of a singly- or doubly-charged particle, The length of -he narrowing 
part of the track, where intensive capture of electrons takes place, is then 
approximately proportional to the square of the nuclear charge forming 
the track (see § 7). 

A more reliable method for determining the charge of heavy fast particles 
is the mcasurement of the number of 5-electrons per unit track length. 

The cross section for the formation of §-electrons with an energy from 
Q to Q+dQis quite well represented by (4.4). Muitiplying this cross sec- 
tion by m=: NZ, the number of electrons per 1 cm® of the medium, and in- 
tegrating from Q,to Q,, we obtain the number of $-electrons per unit track 


length N _ OnnZ2z? e2 \? / mat Me (10.9) 
a Be mec? Q Q: | 


The upper limit Q, is determined by the sensitivity of the emulsion and by 
the possibility of counting the tracks of the $-electrons, and the lower 

limit Q, is determined by the chosen criterion for counted 8-rays; if 8-rays 
containing no less than 3-4 grains are counted, then Q,is equal to 10-15 kev. 
At relativistic (B=1) particle velocities, the density of the $-rays is a 
single-valued function of the charge. In all other cases, in order to deter- 
mine the nature of the particle (charge, mass), the measurement of the 
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density of the 8-rays is combined with that of the mean deflection angle a, 
per unit track length or with that of the range. The relation between these 
quantities for fast heavy nuclei with various Zz is illustrated by the curves 


of Figure 94 /226/. 
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FIGURE 94. Relation between the density of 8-rays, the angle of multiple scattering and 
the range of multiply-charged ions in aphotoemulsion. The dot-dashed curves are of 
equal range 


Remarks on the identification of particles by means of a cloud chamber. 
The mass of a particle in a cloud chamber placed in a magnetic field can 


be determined by measuring: 
1) the specific ionization a and the quantity Hp; 
2) the specific ionization = and the range R; 


3) Hpand the range R; 
4) Apand the density of the 8-rays along the track. 


The dependence of these quantities on eae is shown in Figure 95. 


Identification of non-relativistic charged particles by simultaneous mea- 
surements of the energy losses and of the total energy. Fornon-relativistic 
charged particles, the mean energy losses per unit path length and the 
ranges are expressed by means of relations (4.24) and (6.2), where f(v)and 
F(v) are functions of the velocity of the particle. If we neglect the influence 
of the logarithmic term in the expression for the mean energy losses, it is 
found that the product ES is proportionaltozM. A simultaneous measurement 
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of E and 4 and of the product makes it possible to separate the particles 
according to their masses in a wide range of energy variations. Thus, for 
example, for particle energies of 5-25 Mev, the values of Ex in various 
media are in the ratios 1:1.8:2.6 for protons, deuterons and tritons, res- 
pectively /143/. 
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This method has been successfully applied in a number of investigations 
of products of nuclear reactions /26, 142,444, 507/.It is important here to 
choose the proper optimum ''thickness' of the sensitive volume of the coun- 
ter, since the resolution is determined by the ratio ae . where is the 
half-width of the pulse spectrum obtained when a large number of mono- 
energetic particles pass through the counter; AEis the mean energy loss in 
the counter. 

The curves in Figure 96 show the dependence of the pulse magnitude, 


proportional to ES, on the energy /444/. 
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Chapter II 
PASSAGE OF ELECTRONS THROUGH MATTER 
§ 11. Introduction 


The passage of electrons through matter is associated, as are heavy 
charged particles, with elastic and inelastic collisions with the nuclei and 
electrons of the stopping medium, However, in contrast to heavy particles, 
the collision of an incident electron with an electron or nucleus of the stop- 
ping medium leads to a relatively large energy loss and to a considerable 
change in its direction of motion, Consequently, the intensity of a beam of 
electrons in heavy media decreases almost exponentially with increasing 
absorber thickness, For the Same reason the path of an electron in matter 
is a wriggling broken line, and “he ranges of electrons of equal energies 
have a considerable spread (§ 153). 

Moreover, for electron energies 7>0.5 Mev, radiation losses become 
increasingly important with rising energy. These losses are due to the 
emission of electromagnetic radiation when electrons are stopped in the 
nuclear fields. In practice, these losses can be neglected for electron 
energies lower than 1 Mev. The principal mechanism of energy loss in 
this range is inelastic scattering on the bound electrons of the stopping 
medium, leading to the ionization and excitation of the atoms (§ 13). The 
ionization energy losses per unit path length of electrons and protons with 
the same velocity are almost the same. The scattering of electrons is 
mainly due to elastic collisions with the nuclei of the stopping medium (§ 12). 
The probability of elastic collisions with nuclei is considerably higher for 
electrons than for heavy incident particles. The difference between absorp- 
tion and scattering in reducing the beam intensity is not as sharp as in the 
case of heavy charged particles (Chapter I). 

The importance of scattering increases with decreasing electron energy 
and the angular distribution of the scattered electrons approaches a gaussian 
distribution; the mean scattering angle being proportional to the square 
root of the scatterer thickness (§ 12). 

When the thickness of the scattering medium is large, the angular dis- 
tribution of the scattered electrons becomes diffuse and does not depend 
on the thickness. 

For electrons passing through metals, the interaction with the conduction 
electrons should be taken into account, 
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§ 12. Elastic scattering of electrons (positrons) 


Classical (Rutherford) scattering of electrons on nuclei. When slow 
electrons are scattered on heavy nuclei, condition (2.36) is fulfilled. The 
scattering cross section is determined by Rutherford's formula (2,24)*, 


Considering the fact that the electron mass m= ae is much smaller 


than the mass of the nucleus, M=m,, and consequently, the scattering 
angle § of the electrons in LS is the same as the scattering angle 6 in 
CMS, we write formula (2.24) in the form: 


da 2 
R 23 3 1 —§2 9 


where dw is the element of solid angle in LS; 
Z is the charge of the scattering nuclei; 


Vv 
Pe. 


3 pe ; P : 
~ 5 = 28-107" cm is the classical radius of the electron. 
r. 
The total cross section for back scattering (8 >7) of electrons is 
equal to 


1 (0>)=12-(E5) (42) = 0052 (S5f)nern, cn 


Thus, for 0.5 Mev electrons, the total cross section for back scattering 
on gold nuclei (Z 79) is equal to 640 barn. 

Quantum-mechanical calculations of the scattering cross sections of 
electrons on nuclei. Mott /71, 386/ determined the scattering cross sec- 
tion of fast electrons on nuclei, using Dirac's relativistic theory of the 
electron, In the calculations the nuclei were assumed to be material points 
(having no extension) and the screening of the nuclear coulomb fields by the 
electrons was not taken into account. The differential scattering cross 
section of unpolarized electrons is given in this approximation by 

doy 


iM = oy = Ml g2(1 FIFE cosect ($) +1GPsecX($)}, (12.3) 


where = is the reduced de Broglie wavelength; 


2n 
a 
I= 3) 
: Zet-2e =o ZO 
Ae ~ 137 
v 
cars 


The quantities F and G are functions of a, g, }and are expressed in 
terms of infinite series. Some investigators attempted to sum these 
series either by using approximate analytical expressions, or by numerical 
integration. 

Among the first notable attempts of this kind the work of McKinley and 
Feshbach /387/ should be mentioned. Representing the functions F andG 


s) of . 
* The scattering of electrons with energies ~10°- 10° ev has a more complicated character /97, 166/. 
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by the approximate analytical expressions 
F = Fy + A (8)a? + B(9) + C(8) ge + D(9) a, 
G =G,+E(8)a? + H(9) + (8) get J(9)a8, 
these authors calculated and tabulated the values of the coefficients A, B, 


C, D,E, H,1, J*. The final results of their calculations for three electron 
energies and various scattering angles are given in Figure 97. R,, (the 
ce 


Mott factor) is the ratio — , where o, is the Rutherford scattering cross 


section, given by formula (12.1). 


Qt 02 03 Q4 OS Q6 07 
a= 2/137 


FIGURE 37. Ratio of the scattering cross section for electrons calculated 
by the Mowt formula to that calculated by the Rutherford formula: 


a — with an enceyy of 1 Mev /387/; b —with an energy of 2 Mev /387/; 
¢ — with an energy of 4 Mev /387/ 


McKinley and Feshbach noted that for i <0.2 and @~~1lone may use in 


the calculation of the scattering of fast electrons to a good approximation 


* The values Fo and Go were chosen so that the results of the calculations agreed with the earlier results 
of Bartlett and Watson /208/, and of Massey /386/, in which s was calculated for Hg (Z = 79). 
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the following formula for the Mott factor 


Ry=1-— sin? + m8 (3) (1— sin +) sin 5. (12.4) 


This expression corresponds to the initial sections of the curves of Figure 
97. It follows from (12.4) that for slow electrons (<1), or ior small scat- 
tering angles, R=1l, i.e., the magnitude of the cross section is the same 
as the Rutherford cross section, However, under these conditions, the 


classical impact parameter Ze2 
e 


cls mu 
is smaller than the corresponding quantum-mechanical value, 
The second term in (12.4) is independent of the charge of the scattering 


nuclei and leads to a reduction of the scattering cross section as compared 
with the Rutherford value. The third term in (12.4) leads to an increase 


in the scattering cross section of electrons 
Nyt | ttt 


which is particularly noticeable for heavy 
elements. Thus, for large scattering 
angles and light elements, the theoretical 
quantum-mechanical scattering cross sec- 
tion of electrons is smaller than the 
Rutherford cross section. For inter- 
mediate scattering angles and heavy ele- 
ments it is larger than the Rutherford 
cross section by a factor of 1.5-2 (see 
Figure 97), 
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and, therefore, in general, the value of 
0 the Mott factor is different for electrons 
and positrons, Particularly, when Z 
is replaced by~-Z, expression (12.4) will 
give the scattering for positrons, The 
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FIGURE 98. Theoretical dependence of the 
ratio of Mott scattering cross sections for 
positrons and electrons on the nuclear charge 8 yy 
for B= I. racio —= is smaller than one, i.e., the 
scattering cross section of positrons is 
smaller than the scattering cross section of electrons for the same energy 
and scattering angle, The ratio decreases with increasing scattering angle 
and charge of the scattering nuclei as can be seen from Figure 98, where 
the ratio <M. calculated in /249/ for the case B=1, is given. 
om ‘ 
In the non-relativistic range (B <1), the scattering cross sections of 
positrons and electrons are equal, 


at 
OM 
Results of more recent numerical calculations of ——and of — M for elec- 


tron and positron energies from 0.05 Mev to 10 Mev and srmieees of fhe scattering 
Z nuclei from 6 to 92 are presented in Tables 65 and 66 /232/. The calculations 
were performed by electronic computers, Some of the results of /232/ 
were Supplemented by Sherman /466/, who made computer calculations of 
the scattering cross sections o, for nuclei with Z, equal to 13, 48, 80, and 
electron velocities B equal to 0.2, 0.4, 0.5, 0.6, 0.8, and 0.9. Sherman's 
results are presented in Table 67. 

Allen et al. /144/ performed accurate calculations of the cross section 
for single scattering of electrons and positrons at small angles (8 < 30°) by 
xenon. 
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TABLE 65 
Calculated values of o/e, for the scattering of electrons /232/ 
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TABLE 65 (cont:nued) 
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TABLE 66 


Calculated values of ¢/s, for the scattering of positrons /232/ 
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TABLE 66 (continued) 
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The theoretical calculations are generally confirmed by experiments 
on the single scattering of electrons and positrons of 0.2-5 Mev (post-war 
experiments)*, Thus, Buechner et al, /181, 487/ have shown that the 
measured scattering cross sections of electrons of 1.27-2.27 Mev on nuclei 
of beryllium, aluminum, copper, silver, platinum and gold are equal in 
the range of angles 20-50° to the cross sections calculated by Mott's theory. 
In these experiments, the distance of closest approach of the electrons to 
the nuclei varied from 7-107'? em (scattering on aluminum) to 100:107'%cem 
(scattering on gold), 1,e,, the scattering occurred in the unscreened part 
of the coulomb field (the radius of the K-shell of gold is equal to ~700-107'? 
cm), 

Some investigators /185, 348/ noted that the single-scattering cross 
sections of electrons with 7<1 Mev at large angles (100-150°) on light 
nuclei (aluminum), is in agreement with the theory, whereas the scattering 
cross sections on heavy nuclei (gold) at large angles exceed the calculated 
values, On the other hand, it was shown in /186, 418, 225/ that the scat- 
tering of electrons with energies of 0.2-4.3 Mev on heavy elements is in 
agreement with Mott's theory up to an angle of 150°. 

When high-energy ( 7> 5 Mev) electrons are scattered, the screening 
and the finite dimensions of the nuclei should be taken into account (see 
below), The effect of the finite dimensions of the nucleus was studied 
experimentally for the first time in /372/ in the scattering of 15 Mev 
electrons, However, according to Paul and Reich /420/, the effect of the 
finite dimensions of the nucleus is already manifested in the scattering of 
electrons with energies of several megaelectronvolts on heavy nuclei. A 
Similar conclusion follows from /473/, in which the experimental scatter- 
ing cross Sections of electrons with energies of 1.0-2.5 Mev are compared 
with the calculations of Doggett and Spencer (Tables 65, 66). 

Farlier works investigating the scattering of positrons by nuclei in a 
cloud chamber did not reveal any qualitative difference between the scat- 
tering cross sections of positrons and electrons, although they did not con- 
tradict Mott's theory. Lipkin and White /371/ were the first who succeeded 
in obtaining reliable ratios of the scattering cross sections of ~1 Mev 
electrons and positrons on various nuclei, The measured ratios of electrons 
and positrons, scattered on copper and platinum (7 = 1.08 Mev), were 0.52 
and 0.31, and were found to be in good agreement with the theoretical 
values of 0.67 and 0.33, Allen et al. /144/ obtained the ratio of the experi- 
mental scattering cross sections of electrons and positrons with an energy 
of 9.8 Mev on xenon as equal to 1.3 (in agreement with the theory). 

Effects of the screening and finite dimensions of the nucleus on electron 
scattering. The screening of the nucleus by the external electrons results 
in a decrease in the scattering cross sections aS compared with the scatter- 
ing cross sections in an unscreened coulomb field, This is particularly 
noticeable in small angle scattering. Fora given scattering angle, the 
effect of the screening decreases with increasing electron energy and with 
decreasing charge of the scattering nuclei. 

Depending on the value of the parameter a = , two limiting cases of 
electron scattering are distinguished, as in the case of heavy charged 
particle scattering (§ 2). 

When the condition «a>1 is fvlfilled (slow electrons and heavy scattering 
media), the classical approximation is applicable, i,e., the cross section 


* ‘The results of earlier investigations are unreliable due to imperfect techniques which did not allow 
the separation of the elastic and the inelastic scattering of the electrons. 
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obeys Rutherford's forrnula (11.1) up to a certain limiting angle o, as 
determined by expression (2.38). 

In all other cases, the cross section for single scattering has has to be cal- 
culated by the quantum-mechanical formulas (Mott's theory, see above). 
In the limiting case (¢¢1), the calculated values of the scattering cross 
sections are correct up to a limiting angle o, determined by formula 
(2.39a), in which a=a,Z""is the effective screening radius, For 8<%, the 
electron scattering will be smaller than that expected from theory due to 
the screening effects. 

Bethe /150/ showed that in the Born approximation the ratio o°*P/e, for 

2 

non-relativistic electrons is determined by the factor = “ey where 


FJ 


F(§) is the atomic form-factor, used in the theory of X-ray scattering: 


pa OAs 


Values of f(&) = £0) are given in Table 68. 


TABLE 68 
Screening correction to the Rutherford formula (12.1) in the Born approximation /150/ 


A more general method of consideration of the screening effects of the 
nuclear coulomb field by the atomic electrons, based on the Wentzel 
method, was worked out by Moliere /388, 389/. The main results of this 
theory are described in § 2. 

The effect of the finite dimensions of the nucleus is noticeable in the 
scattering of high-energy electrons at large angles. This scattering is 
connected with small impact parameters, so that if we use the classical 
analogue, then in head-on collisions, the electron may pass through the 
periphery of the nucleus and will be subjected to the influence of only a 
fraction of its charge. Its deflection in this case will be smaller than in 
the coulomb field of a point charge, The study of such deflections provides 
valuable information on the charge distribution in the nucleus and on the 
nuclear form-factor /2/. 

Polarization of electrons in single scattering on nuclei. When electrons 
are scattered their spin acquires a definite orientation, so that the scattered 
beam is either partially or completely polarized, The polarization of a 
beam of scattered electrons can be observed from the azimuthal asymmetry 
in secondary scattering. This fact was used in the well-known experiments 
on the verification of the parity non-conservation in weak interactions (see, 
for example, /2, 98/). If 8, is the scattering angle of the primary electron 
beam, then §,, the angle in secondary scattering, will also depend on 4@,, 
which is the azimuthal angle with respect to §, The differential cross 
section for double scattering is given by the expression 


= (8, $2.9 2) = al (8) (8,) f -+- S (8, 82) cos | ‘ (12.5) 
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dc 
= is found by (12.3), and the polarization asymmetry factor $(8,,%,) 


can be represented as a product S$(#,) $(8,), where each of the factors is 
a function of 9%,, or 4,,only: 


S 9 __ __2A8q (1 — Bays *¥ 
(8) aren Ea "haa (8) +F (0) 6 (0) } (12.6) 


de 


where 


Here we use the same notation as in formula (12.3). Values of S, (8) =3" 
forvarious Zand B were calculated by Sherman /466/ and are given in 
Table 67. Figure 99 gives the dependence (the points) of the polarization 
asymmetry factor on § in double scattering by 90° ($, = &=90° ) according to 
Sherman's calculations, This figure also gives the calculated curves of 
Mott /386/ and of Bartlett and Watson /208/. 

The degree of polarization of scattered electrons depends on the energy 
of the incident electrons and on the charge of the scattering nuclei, Maxi- 
mum polarization is observed for intermediate (~150 kev) electron ener- 
gies and large scattering angles. 

Scattering of electrons on electrons. In addition to elastic collisions 
with nuclei electrons are also scattered by inelastic collisions with the 
atomic electrons. In this case, when the energy of the incident electron 
exceeds the electron binding energy, an electron-electron collision can be 
regarded as a collision of two free particles, 

The classical scattering cross section of non-relativistic electrons on 
electrons is given by (2.27). Since the scattering of a primaryelectronat 
an angle 8 is accompanied by the escape of a recoil electron at an angle of 


(+ = 2), and these electrons cannot be experimentally distinguished, the 
Rutherford scattering cross section of electrons on an electron is written 


in the form * 
de et 1 ‘ 


where $is the scattering angle in LS, and the factor 4 cos 8 gives the ratio 
of the solid angle elements in LS and in CMS (see formulas (2.30) and (2.31)). 

The total cross section for Rutherford scattering of electrons at angles 
larger than $ is obtained by integrating (12.7): 


2 
op (> 3) = 4n ( < (ctg?é + tg? §)cm*/electron. (12.8) 


mya 


The quantum-mechanical scattering cross section of non-relativistic elec- 
trons was calculated by Mott. o, (8) is given by (2.28) for Z2=1}, 

For relativistic electrons the scattering cross section should be cal- 
culated by MGller's formula /390/ 


e \? (y+) 4 
@2 sysner= 4 nat | ( ?? | =F - 


3 (y— 1)? 4 
~ day 472 (1 7 ra) | 


where y= (1 —§)~” is the relativistic transformation factor; 


(12.9) 


— 2 (1 + 3) sin2 8 
2+ (7—1)sin?0 
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The cross section for electron-electron scattering is much smaller 
than the cross section for scattering on nuclei. For atoms with large Z, 
the scattering cross section of electrons on the nucleus should be Z times 
as large as the scattering cross section on the atomic electrons. 


9 02 04 0& 08 £10 


FIGURE 99, Polarization asymmetry factor versus 
energy indouble scattering of electrons according 
to Sherman ((8,=8=90)°). According to the 
calculations of Bartlett and Watson /208/ — 
curve 1, Z2= 80; according to the calculations 
of Mott /386/ — curve 2, Z = 79; according 
to Sherman /466/ — the points, Z = 80 


The results of experimental investigations of the single scattering of 
electrons with energies of up to 200 Mev on electrons /203, 204, 331, 423, 
467/ are in satisfactory agreement with MGdller's formula. The results of 
some investigations on the scattering of positrons on electrons /138, 308/ 
are in qualitative agreement with Bhabha's calculations /183/. According 
to /308/, the ratio of the electron-electron to the positron-electron scat- 
tering cross sections for an incident particle energy of 1.3 Mev is equal to 
1.82 + 0.11, whereas according to Moller it is equal to 1,83. 

Multiple scattering of electrons. All the formulas given here are only 
valid for the calculation of the angular distributions of singly scattered 
electrons. In single scattering, an electron passing a layer of thickness ¢ 
suffers on the average up to one collision with a nucleus or with an electron 
of the stopping medium. The layer should in this case be sufficiently thin, 
so as to satisfy the following condition 

1 
f<€—a, (12.10) 
where oc is the effective scattering cross section; 
n is the number of atoms per 1 cm? of the scattering medium, 
The number of scattering events is determined by formula (1.2), « being 
determined by one of the following expressions, (12.1), (12.3), (12.7) and 
(12.9). 
If the thickness of the scatterer is 
} 
arn (12.11) 
then the deflection of a particle by a given angle 3 may be due to several 
successive scattering events of the electron on nuclei or electrons. We 
then have plural scattering (§ 2). 
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If the number of collisions in passing a given thickness of scatterer 
exceeds twenty, and if at the same time the energy losses are small com- 
pared with the initial energy, one speaks of multiple scattering, The 
theory of plural and multiple scattering is given in §2, which may also be 
used in electron scattering. Finally, if the scattering foil is so thick that 


t>> (12.12) 


and the energy losses are large, the passage of electrons can be considered 
as a diffusion process (see below), 

Experimental investigations of multiple scattering of electrons were car- 
ried out by Kul'chitskii and Latyshev /58/, Hanson et al, /298/. The re- 
sults of their investigations are in agreement with the theory given in § 2. 
Thus, Figure 100 gives the results of measurement /298/ of the angular 
distribution in multiple scattering of 15.7 Mev electrons in gold foils, and 
the appropriate theoretical cures (§ 2). 
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FIGURE 100. Angular distribution of 15.7 Mev FIGURE 191, Angular distribution of 600 Mev elec- 
multiply scattered electrons on gold foils of trons after multiple scattering in a thin (2.55 mg/cm?) 
18.66 and 17.28 mg/cm? aluminum foil /398/ 


Further investigations, both at high /398/ and at low energies /333, 352/, 
showed that multiple scattering is satisfactorily described by Moliere's 
theory. Figure 101 gives curves for the comparison of the theoretical and 
experimental angular distributions of 600 Mev electrons passing through 
an aluminum foil of 2,44 mg/cm’. 

We note that multiple scattering has become very important for the de- 
termination of the energy of fast particles (cosmic rays, accelerated pro- 
tons and mesons), see § 10. 

Electron diffusion. For thick media (thickness exceeding approximately 
half the total range of the electrons, see § 13) the angular distribution of 
the scattered electrons takes the form 


W (6) ~ cos? 6 (12.13) 


and the mean scattering angle attains a maximum value of 33°, remaining 
constant upon a further increase in thickness (normal case or total diffusion). 
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The thickness at which the normal case is reached is called the normal 
thickness ae At some thickness ¢, the number of back-scattered electrons 
(electrons leaving the scatterer on the side of the incident beam) reaches 


saturation. ¢, is the thickness of back-scattering saturation or the thick- 


ness of back diffusion, 


Back- scattering 
coefficient, relative units 


0 Os 10 T Mev 15 


FIGURE 102, Normal thickness ¢, and back- 
diffusion thickness ¢, for electrons incident nor- 
mally tothe scatterer, Experimental points for 


FIGURE 103, Coefficient of back scattering of 
electrons incident normally on the surface versus 
the atomic number of the scatterer, The points re- 


aluminum 


present the results at various electron energies. 


Figure 102 gives the dependence of the normal diffusion thickness #, and 
of the back-diffusion thickness f, on the energy of the incident electron 
beam (case of normal incidence of an electron beam on aluminum). 

Finally, the curves in Figure 103 give the dependence of the back of scat- 
tering coefficient a,, equal to the ratio of the number of back-scattered 


10 
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FIGURE 104. Energy distribution of elec- 


trons (Z_ = 680 kev), back-scattered by 
various materials. The broken lines are 
sections of the curves whose ordinates 
where increased by a factor of five. 


electrons in saturation to the number of 
primary electrons, on the atomic number 
of the scattering material. The back- 
scattering coefficient is very weakly de- 
pendent on the energy of the electrons, 

but is determined by the charge of the scat- 
terer, According to Frank /241/, the 
coefficient of back scattering of electrons 
on an infinitely thick layer of lead is 

equal to 36%, on copper 18%, and on 
aluminum 5% (7 = 1-3.2 Mev). For posi- 
trons, the back-scattering coefficient is 
30-40% smaller than the corresponding 
coefficient for electrons (Z= 4 - 90). 

The energy distribution of the back-scat- 
tered electrons was studied by Bothe /185/. 
The ratio of the mean energy of the scat- 
tered electrons to the energy of the incident 


electrons increases with Z of the scattering medium (Figure 104). For 
normal incidence, the reflected electrons have a lower energy than for 


oblique incidence, | 
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§ 13. Ionization energy losses 


Maximum energy transfer in inelastic collisions of electrons and posi- 
trons with atomic electrons. In a collision of identical particles, for 
example, collision of an electron with an electron, it is impossible to dis- 
tinguish the scattered electron from the recoil electron. It is therefore 
usually assumed that the faster electron is the scattered one, Thus, if an 
electron with an energy 7 collides with a free stationary electron, the 
maximum energy transferred is 


Qua = = (E— me, (13.1) 


If a fast positron possessing energy Q collides with a free stationary 
electron, the maximum energy transferred is 


Qux = f- 


It occurs in a head-on collision of a positron with an electron, 

Cross sections for energy transfer in inelastic collisions. The classical 
cross section for the transfer of energy Q in the collision of an electron 
with energy 7 with a free electron is 


do. (Q) = 9, (Q) dQ + 9, (7— Q) dQ, 
where o,,(Q) is determined by formula (2.41) so that 


do = ine ~ i+ (7a 3) |om* /electron; (13.2) 


dco,is numerically equal to the probability of an electron collision as a 
result of which one electron will possess energy Q, and the other 


energy (7T— Q). 


"at 002 005 a Q2 05 (of 
Q/Q max 
FIGURE 105. Ratio do/do.) for electron-electron col- 
lisions; 


1 — non-relativistic case; 2— T= 1 Mev; 3— T=10Mev; 
4 — highly-relativistic case 


The quantum-mechanical expression for the cross section for energy 
transfer by an electron was obtained by Moller /390/ on the basis of 
Dirac's theory; it has the form 


do 20st #0 S['+ (Sq ferary 184) (13.3) 


where {= (1—82)—""* is the relativistic transformation factor. 
In the non-relativistic case, when 7 <me’ or (y—1) <1 


do = 2. 9 B [1+ (2 as (22) | (13.3a) 
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Formula (13.3a)is sometimes referred to as the Mott-Williams formula, 
For highly-relativistic electrons (7 > mc?; B= 1) 


_ net dQ’ T \? Q Q \?}? 
do S(r23) |} — ++(+) ee) 
Figure 105 gives the ratio — for electrons of various energies as a 
cl 


function of 


Qmax 


Experimental verification of expressions (13.2) — (13.3b) was carried 
out in a number of experiments in which a wide electron energy range 
(0.1-250 Mev) was involved. Unfortunately, due to poor techniques, early 
studies did not provide a definite answer 
as to the difference between the classical 
and quantum-mechanical cross sections. 

In recent years, thanks to improve- 
ments in experimental techniques, the 
accuracy of measurement was consider- 
ably higher. In recent investigations the 
incident and scattered electrons were 
analyzed magnetically and a coincidence 
technique for the elimination of multiple 
scattering was used; the results were in 


"Os 10 15 agreement with (13.3) and they showed 

Energy of the incident electrons, Mev that the neglect of the spin terms leads to 
FIGURE 106, Cross section for transfer to appreciably smaller cross sections than 
the electron of half the initial energy by those obtained experimentally. This is 
the quantum-mechanical and classical illustrated, for example, by the graph of 
theories, The solid curve is calculated Figure 106, in which the points represent 
by Moller's theory, and the broken curve- the experimental cross sections /138/ for 
Rieger mi MS eC UNB Mey pun teyns transfer to the electron of half the initial 


energy (in units of Qnr? ,wherer, = & is 


the classical radius of the electron). ‘The solid curve in this figure was 
calculated by formula (13.3), the broken curve was calculated without 
allowance for the spin terms, 

The cross s2ction for energy transfer in LS in the collision of a positron 
with an electron, as a Dirac antiparticle and particle, was found by Bhabha 


/183/: ; : 
__ Qxe* dQ 21 Q 1 | Q 
ame [ae ta (4) (F) ]- 
—1\/Q +2 1—] —1/\? > 
- GH #) [2 5"(9) SY + 
—1\7/Q\?f 1 ] 3 —1\? 
+ YA) eee (SY H(-9)- 


=do,[D+1+A]. (13.4) 


The term D, the first term in the braces, gives the normal scattering with- 
out allowance for exchange effects; the third term in the braces, A, is due 
to the virtual effect of positron annihilation and formation of new positron- 
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electron pairs; finally, J gives the interference in phenomena represented 
by Dand A, 

In the non-relativistic case (T€mc’) the expression in the braces is ap- 
proximately equal to 1, and the cross section for energy transfer is the 
Same as the classical expression (13.2). In the highly-relativistic case 


On 22 
do= Fae [I+ (F) |. (13.4a) 


} e e G e e e 
Figure 107 gives the ratio Go for positrons of various energies as a 


function of Q/Q,,,.. The role of the quantum-mechanical effects is shown in 


Figure 108 /424/, which gives the total cross section for energy transfer 
by 200 Mev positrons according to (13.4) as well as the cross section with- 
out allowance for the terms / and A in (13.4). The importance of /and Ain 


the energy transfer cross sections was also noticed in experimental works 
/138, 308/. 
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FIGURE 107. The ratio de/do | for positrons according 
to Bhabha's theory: 


1 — non-relativistic case; 2 — highly-relativistic case 
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FIGURE 108, Differential cross sections for energy transfer by 
positrons with E- 200 Mev: 


] — positron-electron scattering cross section according tothe 
theory of Bhabha/152/ and Klein-Gordon; I]—according to the 
K lein-Gordon formula without allowance for the annihilation terms, 


Ionization energy losses, The ionization energy losses by electrons 
and positrons are calculated in the same way as the energy losses of heavy 
particles (§ 4) by (2.44); the calculation is done separately for close 
(Q>H) and for distant (Q< A) collisions. 
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Using formula (13.3) the energy losses by electrons in close colli- 


poorer dE Qnnet T %—1 1 1 \? 
— [4 Pe Zaks es ag See se 13.5 
(Fe) a | naa + 1 ) |: ee 


For positrons the corresponding expression is 


dE _ 2nnet T | Ba 14 10 4 13.6 
ee a 


The energy losses in distant collisions for all charged particles, in- 
cluding electrons and positrons, are given in (4.14). 

From (13.5) and (4.14), as well as from (13.6) and (4.14), we obtain expres- 
sions for the mean ionization energy losses per unit path length of elec- 
trons and positrons, For electrons 

r 2 
10 


73 
ion 


for positrons 


dE\ __Qnetn [, 278(741) 8 14 10 4 \). 
-(@)_- ae pe ir (23+ >97 + aunt pap) (13.8) 


mvt 


If the losses are measured in megaelectronvolts per centimeter, then 
the factor in front of the square brackets in formulas (13.7) and (13.8) is 


0,153 p (+) p~? , where p is the density of the stopping medium (g/cm?); 
Z and A are the charge and mass number of the stopping atoms; 
Vv 
P=—-. 
The value of /in (13.7) and (13.8) is the same as in the formulas for the 


energy losses of heavy charged particles. 
In the non-relativistic case, B< 0.5; (y—1) € 1, 


dE 4ne2n 1.167108 
-(z),,. ae po ’ (13.9) 


or; if — is expressed in megaelectronvolts per centimeter 


aE Zz ~3 1.167 
ee (z=) _ 0.3060) F In fra 


Comparing expression (13.9) with the corresponding formula for heavy 
charged particles (4.20) shows that they differ only by the value of the 
logarithmic term. This is due to the difference in the reduced masses in 
the electron-electron and heavy particle-electron systems; as was pointed 
out above, the maximum energy transferred to the electron is equal to 


~ mo* and not a mot 

The ionization losses of electrons in intermediate and heavy media co- 
incide with the ionization losses of protons of the same velocity to within 
10%. Calculated values of the stopping powers of various media relative 
to air for fast electrons are given in Table 69, 

An idea on the magnitudes of the mean ionization energy losses and 
their dependence on the energy of the incident electrons is given by the 
curves of Figures 109 and 110, calculated by the above formulas. In 
these calculations /405/ somewhat underestimated values, Linn = 148 ev, 
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(cay = 310 ev (cf. Table 19), were taken, and no allowance was made for the 
density effect of the medium (see below). Table 70 gives data on the rela- 
tive mass stopping powers of various materials for electrons, important 
for dosimetry /31, 405/. 

TABLE 69 


Stopping power (per electron) relative to air for fast electrons /446/ 


Carbon Poly- Magnesium} Aluminum 
Lucite 
C styrene Mg 


0.5 1.007 0.946 
9.75 1.000 0.950 
1.0 0.992 0.949 
1.5 0.977 0.944 
2.0 0.963 0.936 
3 0.944 0.926 
5 0.919 0.903 
10 0.884 0.866 
20 0.848 0.835 
50 0.804 0.799 
100 0.791 0.789 
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FIGURE 109, Specific energy losses by electrons (—) and by positrons (+) in aluminum ac- 
cording to Nelms‘ calculations /405/ 
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FIGURE 110, Specific energy losses of electrons (—) and positrons (+) in copper according to 
Nelms /405/ 
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does not exceed 


3 
dy = Solin Tas — F*]. (13.11) 
In subsequent works, corrections were introduced which take into ac- 

count multiple scattering /518/, resonance widening of the distribution 

due to energy losses on strongly bound electrons /191, 192/ and radiation 
energy losses. The importance of the 
corrections for the density effect was also 
shown /277/. The density or polarization 
effects lead toa displacement of the whole 
distribution toward smaller energy losses, 
However, as the polarization effect is con- 
nected only with distant collisions in which 
the energy transfer is small (see § 4), it 
does not affect the form of the distribution 
curves in practice; see, for example, 
Figure 11¢, In the highly-relativistic 
case (v=c), the increase in the energy 
losses is compensated for by the density 
effect. In this case 


Y 0 ~@w~@ 390 @G 50 a t 
Thickness, ¢, g/cm 8 robte=e) = §, }19.43 + In ©) ’ (13.12) 


FIGURE 112, Experimental values of the most 
probable energy losses by 1.414 Mev electrons 


/352/ as a function of the absorber thickness; where: £46 the Absovber4Ahrelness (g/cm’): 
the curves are according to Landau's theory (§4) : 3 
ois the density (g/cm”). 

The energy loss distribution of positrons was theoretically investigated 
by Rohrlich and Carlson /430/. It was shown that it is not significantly 
different from the distribution of the energy losses for electrons /25, 63, 
191, 192/. 


Mev 


s 


” 
5 
= 80 
O 
C8) 
toa | 
0) 
vee 
io) 
% 


Relative nuni 
S 


42 44 i866 146 180 Sh 148 16 158 
Energy, Mev 


FIGURE 113, Experimental and theoretical! distribution curves of 

the energy losses of e!ectrons passing 0, 86 mg/cm# of aluminuin 
/278/: 

1 — distribution curve according to Landau without allowance for 

density effect corrections; 2— the same with correction; 3 — ex- 

perimental curve; 4 — distribution of electrons in the primary beam, 


The energy loss distribution of electrons was measured in many works. 
The technique of measurement usually consists in a magnetic analysis of 
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a beam of electrons passing through a foil of the material being investi- 
gated (cf. also § 5). The most probable losses are determined from the 
difference in the values of Bp, for which the maximum detector current 

at the output of the analyzer is observed, in the absence and in the presence 
of the foil, The mean energy losses are determined from the displacement 
of the centers of gravity of the distribution curves of the electrons with and 
without the foil. 


TABLE 70 


Mass stopping power of various media relative to air® 


S_ (including the 
density effect) 


T. f___Safwitou atiowance for ine desis eee) 
Mev Hydrogen! Carbon Nitro- Oxygen Phos- }Calcium| Water ICarbon] Water 
e horus Cotton 
6 ton Oe | ee ae 
e 0.965 ° ° r 


S_(without allowance for the density effect) 


0.001] 3.564 1.079 |1,254 {1.231 
0.002] 3.223 0.973 1.062 11.223 11,202 
0.003} 3.084 0. 976 1.055 [1.211 {1.190 
0.004] 3.004 : 1.052 |1.203 {1,184 
0.005} 2.949 1,011 1,079 11,198 {1,179 
0,006} 2.904 1.010 145 11.193 11,174 
0.007| 2.877 1.011 1.045 11.192 11,173 
0.008} 2.85] 1,010 1,044 1,189 11,171 
0.009] 2.830 1,010 1,043 {1,188 11,169 
0.01] 2.811 1.010 : 1.042 11.186 {1,167 
0.02 | 2.709 1.009 0.8 1.037 }1.177 |1,158 
0.03] 2.661 1. 088 0.851 1.034 11.172 11,154 
0.04} 2.630 1.008 0.857 1.033 11.169 11.152 
0.05 | 2.609 1.008 0.860 1.032 |1.168 |1,150 
0.06 | 2,592 1,008 0.863 1.031 ]1.166 }1.148 
0.07 | 2.579 1,008 0.866 1.030 1.165 {1,147 
0.08 | 2.568 1,007 | 0, 0.868 1.030 |1. 164 {1,146 
0.09 | 2,559 1,007 | 0. 0.869 1.029 1.163 11,146 
0.1 2.550 1.007 | 0,989 | 0.871 1,029 {1.162 1,144 
0.2 2.502 1.007 | 0.990 | 0.879 1.023 {1.158 11,140 
0.3 2.476 1.006 | 0,990 | 0,884 1,019 {1.155 }1.138 
0.4 2.458 1.006 | 0,991 0,887 1.014 }1,154 11.186 
0.5 2.444 1.006 } 0.991 0,889 1,010 }1,152 {1,134 
0.6 2.433 1.006 | 0,991 0.891 1.007 {1.148 11,130 
0.7 2.424 1.006 | 0.992 | 0.893 1,003 }1.144 11,126 
0.8 2.417 1.006 | 0.992 | 0.894 1.000 /1.140 |1.122 
0.9 2.410 1.006 | 0.992 | 0.896 0.997 j1,134 [1,116 
1.0 2.404 1.006 | 0.992 | 0,897 0,994 {1.133 11,115 
2 2 .366 1.005 | 0,993 | 0.903 0.971 }1.105 |1,088 
3 2.347 1.005 |} 0.993 | 0,907 0.954 11,086 |1,069 
4 2.333 1,005 | 0.994 | 0.909 0.942 |1,071 {1,054 
5 2.324 1.005 | 0.994 | 0.911 0.932 1.059 11,042 
6 2.316 1.005 | 0.994 | 0,912 0.923 |1.049 |1.032 
8 2.305 1.005 | 0.994 | 0.914 0,909 11,032 11.016 
10 2.297 1.004 } 0.995 | 0,916 0.898 11,019 |1,003 


* The mean excitation potentials J were assumed equal to 13Z. 


The experimental data on the spread in the energy losses by electrons, 
obtained until 1950, are considered, for example, in /166, 209/. We shall 
only discuss the more recent experimental investigations. 

Studies on the spread in the energy losses for electrons with energies 
below 2 Mev /351, 353, 130, 310/ have shown that the measured values of 
the most probable energy losses by electrons in thin foils of materials from 
beryllium to lead are in agreement with those calculated by Landau's 
theory (see, for example, the experimental curve of Figure 112 from /351/). 
However, it was noted /351, 130/ that for heavy media the experimental 
distribution of the energy losses is considerably wider than the theoretical 
distribution, 
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Reich et al. /419, 420/ measured the energy loss distributions for 
electrons with energies of 2.8 and 4.7 Mev in foils of beryllium, carbon, 
iron and lead, 

Results of investigations taking into account the corrections introduced 
by Blunck and Leisegang /191, 192/ were in good agreement with Landau's 
theory. 

The necessity to take into account corrections for the density effect 
was confirmed by the measurements of Goldwasser et al, /277/. They 
studied the distribution of electrons with an initial energy of 15.7 Mev 
passing through gaseous absorbers as well as through their solid (poly- 
merized) phases, In one case the distributions of electrons passing through 
the gas F2C and its polymer Teflon (polytetrafluoroethylene) were com- 
pared. The measured probable energy losses of electrons in gases were 
in agreement with Landau's theory (without corrections for the density), 
and in polymers they were smaller by an amount equal to the correction 
for the density effect (see above). Goldwasser et al, /277/ have also 
shown that the most probable energy losses by electrons (7 = 9.6 and 
15.7 Mev) in light media (beryllium, aluminum, copper, polyethylene) are 
in agreement with those calculated by Landau's theory, if the correction 
for the density effect and the bremsstrahlung are taken into account, As 
an example, Figure 113 gives the experimental curves of the electron 
energy distribution before and after passing through an aluminum foil of 
0.86 mg/cm? thickness, obtained in this work, This figure also gives the 
theoretical curves of Landau without corrections (solid curve) and with 
corrections (broken curve) for the density. 

Similar results were obtained by Grishaev et al. /36/ who studied the 
energy losses by 18 Mev electrons, 

Ziegler /519/ and Hudson /304/ investigated the energy distribution of 
high—energy electrons, passing through foils of light media. The mea- 
sured and the theoretical results are given in Tables 71 and 72. These 
tables show the mean and most probable energy losses by fast electrons 
and the influence of the density effect and the radiation energy losses (§ 14) 
on the spread of the energy losses. The most probable energy losses in 
lithium, beryllium, carbon and aluminum are in agreement with the cal- 
culated losses. The width of the experimental distributions was 7-15 % 
larger than that of the theoretical distributions, 

Hall, Hanson and Jamnik /306/ measured, for the purpose of assessing 
the adequacy of the Landau theory for heavy stopping media, the most 
probable energy losses in a wide energy range (7= 3.4-19.4 Mev) and for 
a large number of stopping media (from aluminum to uranium), The 
technique of measurement was the usual one (magnetic analysis), anda 
Cerenkov counter (§ 9) served as a detector at the output of the spectro- 
meter, which substantially reduced the background, The investigations 
have shown that the expcrimental curves are in satisfactory agreement 
with the theoretical curves (according to Landau) when allowance is made 
for density corrections, multiple scattering, radiation and the resonance 
broadening effect /191, 192/. 
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TABLE 71 


Uxperimental and calculated values of the mean and most probable energy losses for 32 Mev electrons /519/ 


Loss characteristics, Mev-cm®?/y Beryllium, Be Aluminum, Al 


total 
.. = qe experimental 2.0 # 0.06 2.4 #£0,11 = 
pdx 
ere? theoretical 0.35 0.54 — 
ion 
tn, theoretical 1.66 1,87 — 
by = L(G yearerimental 1,25 + 0,04 1.4 + 0.042 1.6 40.02 
op \dx J prob 
Ao, theoretical 1,25 ks 1,35 
YT, experimental 0,32 + 0,0016 0,34 + 0,0017 0.47 + 0,05 
T, theoretical 0, 30 0.30 


TABLE (2 


Experimental and calculated values of the most probable energy losses for 150 Mev electrons /304/ 


Target characteristi Lithium, Beryllium, Carbon, Aluminum. 
ar aracteristics ) 
. Li Be C Al 


Target thickness, p/em?. 2... 2... 2.715 2, 380 1.820 2.575 
Experimental value of 4g, Mev ...,.. 3.78 £0.12 | 3.164010 | 2.784009 | 3.83 40,12 


Theoretical value of 4,, Mev, including 
correcnions for the density effect and 


for the radiation*® 2... 2. ...0.4., 3.77 
Experimental value of T'(% of Ao). total 

width of the distribution at half height. . 30.0 + 1.0 
Theoretical value of T including the cor- 

rection for the density effect and for 

FAdL anion.” <a Weenie’ Ss we ee Gs 23.5 


* Corrections for the density effect were nade according to Sternheimer /44u/ and the mean renization 
potentials were taken according to Coldwell /216/, see Table 19, 


§ 14. Radiation energy losses. Total energy lost by an electron 


Bremsstrahlung radiation. As a result of collisions with the nuclei 
of the stopping medium, an electron deviates from its initial direction of 
motion and may lose a part of its energy as radiation. 

A charged particle, when accelerated, radiates electromagnetic 
energy. The acceleration of a particle with charge ze ae the field of a 

zZe 


nucleus with charge Ze and mass M is proportional to —y. The radiation 
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intensity is proportional to the square of the acceleration, i.e., it is pro- 


; ; 2222 
portional to qt - 


Thus, under otherwise identical conditions, the electromagnetic radia- 
tion losses are 3:10° times as much for an electron as fora proton. The 
radiation losses of heavy charged particles (M>m) are negligibly small 
compared with the ionization losses, However, for electrons, particularly 
of high energies (7>1 Mev), moving in heavy media, the radiation losses 
amount to a considerable fraction of the total energy losses. 


TARLF 73 


Radiation length Xg and critical enernty E., for various media 20, 30, 14 


\iediuimn x Xo,s em Ee Nite 


Hydrogen. 11 ce) Bea ay tee we as 34 
Mery ITC: ee. Be we eee ee ) see 
CORPORA, Se ae aa ee tee , 42,5 (40) 198 
Nitrogen, N : 3828 (35, 4) C7 
OSVECIC I Sa ee ae Bw ae : Jd 34,2 (382. !) 48 
Aluminuio., Alo... hited 86 . ‘ Beets Glee | 47 
EOI Be ar gh eS, Bw Soe Gy eed 19,4 (18) 34,5 
EROM NEG <6. ar Be 4 Se NS Ss ie 13,8 (12.5) 24 
Copper, Cut eS. Hide ox i i. v0 ee 
Bead PD! - 53. eds: Pe ye Ge Sates ae 6.9 
INNER. 36 tig, eet: ae, a. drat 4. Gea te 83 
Wallet tHOO* ceo” ede ae 93 


Remark, The values of Xp, indicated in parentheses, were obtained /l4/ with allowance tor screen- 
ing from the experimenral data on the atomic form-factor (scattering of X-rays). 


As will be seen in the following, in contrast to ionization losses which 
depend linearly on Z (the atomic number of the stopping medium), the 
radiation losses vary as Z*, The dependence of the radiation losses on 
the energy is different from that of the ionization losses. Whereas the 
latter (see Figures 109-110) decrease with increasing energy for T<3 me’ 
and increas as InT or more slowly for T>3 me? (taking into account the 
polarization effect), the radiation losses for T<mc*are practically inde- 
pendent of the energy, and for 7>>mc?increase rapidly and almost linearly 
with the conergy. | 

At high electron energies radiation losses are dominant, The clectron 
energy at which the ionization and radiation cnergy losses are equal is 
called the critical energy £,.. ie is some characteristic constant of the 
stopping medium (see Table 73), 

The bremsstrahlung spectrum is continuous, the maximum energy 
of the bremsstrahlung quantum being equal to the initial kinetic 
energy of the electron ‘ 

hy = P= E— me’, (14.1) 
4 
where E is the total energy of the electron. 
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In the general case it is necessary to take into account the deceleration 
of the electrons in the field of the atomic electrons, This effect, as we 
shall see, is Z times weaker than the deceleration in the nuclear field, 

Effective cross section for bremsstrahlung of electrons in the nuclear 
field. In the Born approximation, i.e., when condition (2.42) is fulfilled. 
the differential cross section for the emission by an electron with energy 
E of a bremsstrahlung quantum with an energy between Q = Avy and Q + aQ, 
according to /30, 92, 152/, is equal to 


o.4(F, Q)dQ= 40 oF (E, n), (14,2) 
where : 
a= 2? ez) (ar | =0.580 Z?mbarn/nucleus: (14.3) 


F(E, ) being a slowly varying function of the initial total energy of the 
electron E and of the quantity a= -f, 
Formula (14.2) is valid if the condition Es» mec is satisfied, the form of 


the function F(E, 7) depending on the parameter 


+= 10072 2 2-» = 100 


E (E—Q) yz (14.4) 


representing the screening of the nucleus by the atomic electrons (§ 2), 
This parameter is prdportional to the ratio of the radius a of the atom to 
the effective distance r from the nucleus at which the radiation event takes 
place. Infact, it follows from the uncertainty principle that 


T~=~=—» 


where gis the minimum momentum transferred to the nucleus in collisions. 
In accordance with the conservation laws 


.= + (7) (seq) m me 


and, consequently, 


p~—t_E(E-Q | 
mcon me2Q 


On the other hand, the radius of the atom in the Thomas-Fermi model 
is determined thus: 


where 


Thus, 7% is equal to 


rotor () (o8y) 


i.e., practically the same as (14.4), 


For {= =~» l, i.e.,- for effective radiation distances much smaller than 
the radius of the atom, the screening may be neglected. 
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For ¥€1, the variation of the momentum of the electron occurs far 
from the nucleus and the screening is large. The case y= Ocorresponds 
to the so-called total screening. 

The values of the function F(Z, »)for various values of the parameter 7 
were determined by Bethe and Heitler /156/. 

In the absence of screening (7>> 1) 


F(E, ») = [1+ — 9? —»] in 2 a1), (14.5) 
with full screening (7 =0) 


F(E, )=[1+ 0-9-2 — 1) In 183Z—" + 2 (1 — n); (14.6) 


in the intermediate case (1< 2) 


F(E, )=[1+0—9 | [AP nz] - 


2 J 
~——+(1— 1) [aa —+inz]; (14.7) 


in the intermediate case (2<7<15) 


F(E, 1) =(14 0-9-4 a— [in (ZB 


—+--e@)*)I (14.8) 


The numerical values of the functions f, (7), f2(4) and ¢(7) can be deter- 
mined from the curves of Figure 114 and from Table 74, 

As follows from the above formulas, the effect of the screening is dis- 
played in the decrease of the emission probability of low-energy quanta as 
compared with the probability of the emission of high-energy quanta. In . 
the case of full screening (y= 0), the cross section for the emission of a 
bremsstrahlung quantum is a function of =~* only, i.e., the 


Q 
probability of the loss of a given part of the initial energy is independent 
of this energy. 

As an example of the use of expressions (14.6), (14.7), (14.8), Figure 
115 shows calculated curves of the dependence of the bremsstrahlung 
intensity, emitted in various media by electrons with an initial 
energy of 16.93 Mev, on Q/373/. Curve 1 corresponds to stopping in 
the absence of screening; in this case the quantity en is independent 
of Z. Curves 2 and 3 represent the distribution of the bremsstrahlung 
quanta in the passage of electrons in beryllium and gold with 
allowance for che screening. As the initial energy of the electrons in- 
creases, the plateau on the curves becomes more clearly pronounced. 

For the weak relativistic case (~T~mc’*), the cross section for bzems- 
strahlung cannot be represented analytically. 

In the non-relativistic case (7<( mc"), the cross section for the emission 
of a photon in the Born approximation is 


= —— g 


8 g(t) in VF VTE) ., (14.9) 


rad 
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where 


kaa, T=E—yp; p= me’, 


However, in the stopping of slow electrons, the condition of the Born ap- 


proximation is not fulfilled. 
media, 


This is equally applicable to heavy stopping 


TABLE 74 


Numerical values of the function ¢ (7). involved in formula (14.8), according to Bethe and Heitler /187/ 


Values of the functions y and $ 


FIGURE 114. 


1§ 
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Graphs of the functions f,(y) and f2(7) 


involved in formula (14.7) /187/ 


The works /104, 392/ are devoted to a theoretical study of the brems- 


Strahlung of high-energy electrons. 


The results of calculations 


by Migdal /392/ for low energies agree with the results of Bethe and Heitler. 
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FIGURE 115. Bremsstrahlung intensity as a 
function of the energy of the photons created 
by 16.93 Mev electrons /373/; 


{—forunscreened nuclei; 2~ for beryliun, 

taking into account the screening; 3—for 

gold, taking into account the screening; 
4—electron-electron collisions. 


In Curtiss' work /215/ it is shown that 
for stopping of 63 Mev electrons in lead, 
the form of the spectrum of the brems- 
strahlung is given by the formulas 
of Bethe and Heitler, but the absolute 
values of the cross sections are 7-8 % 
smaller than the theoretical ones. Motz 
/397/ investigated the cross sections of 
electrons with energies of 0.5-1 Mev in 
beryllium, aluminum and gold and showed 
that in this case the Bethe-Heitler theory 
gives underestimated values. 

Radiation in the field of atomic electrons. 
Expressions (14.5) — (14.8) do not take into 
account the radiation appearing upon stop- 
ping in the field of the atomic electrons /67/. 
At high incident electron energies, the ef- 
fective cross section for bremsstrahlung 
in the field of an atomic electron is almost 
the same as in the field of a nucleus of 
Z=1. If 71> 1, the contribution of the 


radiation in the field of the electrons is given by (14.5), replacing Z? by Z, 
and the total cross section for bremsstrahlung is proportional to 


4G 
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Z?7+Z=2Z(Z+1). In this case, the intensity of the bremsstrahlung which 
Originates in the field of the nuclei is Z times higher than the intensity of 
the radiation originating in the field of the atomic electrons /66, 67, 84/. 
If the energy of the electrons is high, but 7~0 (complete screening), the 
relative intensity of the bremsstrahlung produced in the field of the elec- 
trons increases to > — the fraction of the radiation in the nuclear field, 
where x= 1.4, 1.29 and 1.14 for Z= 1.10 and 92, respectively /517/; see 
also Table 73. 

For low incident electron energies (E~ me’) , the probability of 
bremsstrahlung in the field of the atomic electrons is very small 
(x< 1). 

Mean energy losses in bremsstrahlung. The mean energy losses upon 
the passage of electrons through a layer of thickness dx is 


T 


i (TE) ua NV OEE Q)dQ= NEq.,,» (14.10) 


where WN is the number of atoms per 1 cem?; 


Pra = £\e (E, Q) dQ (14.11) 


is the effective cross section for radiational energy losses. 
For the highly-relativistic case in the absence of screening, i.e., when 
the following conditions are fulfilled 


l 


met < E <137 m2 Z~ P 


the cross section for radiation losses is equal to 


= 2E } 
ea = 40 (In Ze —-F), (14.12) 


In the other highly-relativistic case taking into account complete screening 
(E > 137me* Z~") 


Prod =45 (In 183 yal +46): (14.13) 


To take into account the radiation losses in the field of the atomic electrons, 
one has to use the value of «, in expressions (14.12) and (14.13), calculated 
by formula (14.3), in which Z? was replaced by Z2(Z +), where in the 
first case x=1, and in the second case *>1(see above). 

In the non-relativistic case and in a pure coulomb field 


16 = 
Pra = 39° (14.14) 


It follows from these expressions that for low incident electron energies 
the effective cross sections for rajiation losses are independent of the 
energy of the electrons and the mean losses are constant. For very high 
energies, the effective cross section for radiation losses increases as 
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In £, and (=) vein E,if we disregard the screening, and it is indepen- 
ta 


dent of the energy, if we take the screening into account, 


O5' 2. 5S 20 $0 100 200 500 1000 2000 5000 
(fh PM/bee 

FIGURE 116. Effective cross section Prag for radia- 
tion energy losses by an electron in the Born appro- 
ximation /30/. The straight section of the solid 
line at high energies was obtained without taking 
the screening into account and is valid for all media. 
The broken curves give the energy losses in inelas- 

tic collisions in the same units 


This is demonstrated by the curves of Figure 116 /30/. In this figure 
the broken curves represent the theoretical dependence of the ionization 
energy losses on the energy (see above). 

Radiation length and critical energy. In investigations of bremsstrahl- 
ung the so-called radiation or avalanche length unit X,is used. It is de- 
fined as the distance along which a fast electron loses 1/e of its energy. 

In accordance with formula (14.13), the radiation length unit is determined 
as *: 
zy = 4No In(183Z—" ) (14.15) 

Thus, for high-energy electrons, the mean relative radiation energy 

losses for total screening are given by 


1 {dE 1 
-H(€) =x + b), (14.16) 


where 6 = (181n183Z)" is a quantity whose mean value varies from 0.012 
for air (Z = 7.3) to 0.015 for lead (Z = 82). 

Values of x and X, for various media are given in Table 73, The values of 
EN. given in this table, correspond to those electron energies for which 
the losses per unit path length from ionizing collisions are equal to the 
radiation losses. 

According to /150/ 


1600 mc? 
or ee (14.17) 


° In calculating @, it is necessary to take Z(Z + x)instead of Z%, where x is a coefficient representing 
the contribution of the radiation in the electron field (see above). 
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and 


=) 

ax). ad EZ. 

aE ) ——_ = 1600 mer’ (14.18) 
ax 10Nn 


where E is the total energy of the electrons; 


Z is the atomic number of the stopping medium. 
The total energy losses per unit path length are 


—(= =) = (-E 7 +(-=& (14.19) 


rad 


TABLE 75 


Calculated values of the total energy losses per unit path length for fast electrons in units of mec? /30/ 


Air (normal conditions) . 


Water, HO 


Aluminum, Al 


oo @ e¢ @ @ 


Lead, Ph... ..., 


The theoretical values of the total energy losses by electrons per unit 
path length in various stopping media are given in Table 75. In the cal- 
culations /30/, the contribution to the stopping of the atomic electrons 


was roughly taken into account by adding 0.860 12 to the stopping by the 
nuclei. 
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FIGURE 117. Mean energy losses by electrons in water and lead 
in units of MpoZp as a function of the kinetic energy of the 

electrons /30/. The broken curves — neglecting the density ef- 
fect, the solid curves — taking the density effect into account 
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Figure 117 gives the theoretical dependence of the total ionization and 
radiation energy losses per unit path length on the energy of the electrons 
in water and lead. As can be seen from Figure 117 and Table 75, the 
energy losses in air and water for E100 Mev andinlead for£ >10 Mev are 
mainly due to brernsstrahlung. For E=~10 Mev the radiation and ioniza- 
tion energy losses in lead are equal; the total energy loss per 1mm of 
electron path in lead is then ~3,2 Mev. 

Bremsstrahlung in thick targets. The spectral and angular distributions 
of the bremsstrahlung in thin targets were calculated by Bethe et al, /210/; 
see also /20/. Calculations of practical interest of the spectral distribu- 
tion for thick targets, taking into account multiple scattering, were per- 
formed by Schiff /468/. Figure 118 shows curves, obtained according to 
Schiff's calculations, of the spectral distribution of photons formed upon 
the braking of 16 Mev electrons in a thick tungsten target. 
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FIGURE 118. Spectral distribution of brems- 
strahlung formed in a thick tungsten target 
bombarded by electrons: 


1 — number of photons; 2 — bremsstrahlung 
intensity 


Estimates /235/ of the mean energy fraction of the incident electrons 
used in forming the bremsstrahlung in thick targets are given in the follow- 
ing. This fraction for monoenergetic electrons with E up to 2.5 Mev is 
equal to ~0Q.0007 ZE, i.e., amounts to ~1% for 500 kev electrons stopped 
in copper. For electrons of a continuous spectrum (beta-electrons) this 


: . L , ; 
fraction is equal to = gQF,, where & is the maximum energy of the 


spectrum, 


§ 15. Relationship between range and energy of electrons 


With the appropriate reservations, the concept of electron range is 
meaningful if the ionization collisons are an important factor in the stopping 
process, In this case, according to formula (13.9), 


dE (dE -2 : 
ac ~ Gz), ~ T and R~T ; 


where 7 is the kinetic energy of the electron. 
\ 
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At very high 2lectron energies, when the main energy losses are radia- 
tional (E>100 mc’), we have according to § 14, 


dE dE 
= Ca ~E and R(E)~ InE: 


in this case the range increases with energy faster. in light media. 

In this section we shall mainly consider those cases in which ionization 
losses are important. 

In the study of the passage of an electron through matter, one should 
distinguish between its true path length Land its range R, i.e., the pro- 
jection of the total true path on the direction of the initial motion (Figure 
119), Due to the large statistical fluctuations of the energy losses in single 
collisions and to the importance of multiple scattering (§ 12), the true 
path lengths and the ranges of individual electrons with the same energy 
may differ greatly. In analogy with the description of the passage of heavy 
particles through matter (§ 2), here also one may use the concepts of the 
mean true path L of the electrons and their mean range S, as well as the 
corresponding values of the path straggling and spread. However, because 
of the complex character of the interaction of electrons with matter, the 
theoretical determination of these quantities and the relation between them 
are complicated. 

It is important to realize that the mean true path length of electrons in 
a medium is 1.5-4 times their mean range, This ratio is higher the 
heavier the medium and the lower the energy of the electrons. In light 
media the scattering is weaker, but here, too, it is of importance for 
electron energies < 100 kev. In this case the electron range differs con- 
siderably from the path traversed by them. 

The true path lengths of electrons can be measured directly in a cloud 
chamber, with a scintillation counter or in a photoemulsion. From the dis- 
tribution of the true path lengths determined 
from these measurements it is possible to 
determine the mean path length L and to com- 
pare it with the theoretical value calculated 


by formula (4.45), in which sc is the total 


specific energy loss. 

As a rule, the range of electrons is deter- 
FIGURE 119. Schematic description mined from the experimental transmission 
of the true path length and the range curves of electrons in the medium. The trans- 

of clectrons:ina-mecium mission curve gives the number of electrons 

which pass various absorber thicknesses as a 

function of the thickness. The transmission curve for monoenergetic 
electrons is shown schematically in Figure 120. It is characterized by the 
presence of a linear part on the fall-off section. The final sloping section 
of the curve intersects the distance axis at the point R, which is called the 
maximum electron range. However, the accuracy f the determination of 
this quantity is poor, and its value for an electron beam of a given exergy 
depends on the experimental conditions, i.e., the collimation of the beam, 
the sensitivity of the detecting device, the background level, the relative 
positions of the source and absorber, etc. Therefore, each individual 
experiment provides only an avproximate value of R,. Thus, R, is deter- 
mined as the maximum measured range, but is limited by the experimental 
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conditions. A more accurate value, dependent on the experimental con- 
ditions, is the extrapolated range Ry, which is determined by the inter- 
section of the linear section of the transmission curve with the abscissa. 
R,is sometimes called the practical range. The extrapolated range in a 
sufficiently thick sample is almost independent of the mutual position of 
the source, detector and absorber. The reason for this is that after a suf- 
ficiently large number of scattering events the angular distribution is 
determined by diffusion, so that the mean scattering angle is independent 
of the angle (see §12). However, the other experimental conditions have 
a significant effect on the measured value of Ry. This should be borne in 
mind when comparing values obtained by various authors. 

Finally, the concept of the mean range R, is sometimes used; it is 
defined as the absorber thickness which absorbs half the incident electron 
beam, 

The absorption curve of electrons having a continuous spectrum (e. g., 
beta-particles) differs considerably (Figure 121) from that of monoenergetic 
electrons, The curve of Figure 121 is bent toward the abscissa and does 
not have a clear linear section. The determination of the extrapolated 
range from this curve is difficult. Usually special analytical methods are 
used for curves of this kind /251, 188/. 

Range — energy relation of monoenergetic electrons in aluminum, 
Aluminum is used as a standard stopping medium in experiments on the 
range of electrons. Figure 122 gives the absorption curves of monoener- 
getic electrons with energies of 427-1696 kev in aluminum /391/. The 
absorption curves for electrons of different energies (Figure 122) are si- 
milar and have well-pronounced linear sections, whose extrapolation makes 
it possible to determine R,. 


N N 
R, Ry Rn BR Ry ® 
FIGURE 120. Schematic ab- FIGURE 121. Schematic ab- 
sorption curve of monoener- sorption curve of a continuous 
geic electrons in lead electron spectrum in matter 


Figure 123 shows experimental absorption curves of electrons with 
energies from 3,70 to 11.85 Mev in aluminum /299/,. The curves are 
normalized to the extrapolated range, and the intensity is given in arbit- 
rary units. 

The values of Ry for aluminum satisfy the following empirical relation- 
ship for T> 0.6 Mev: 


Ro (g/cm*)= 0.526 T(Mev)— 0.094. (15.1) 
Numerous results of extrapolated ranges of low-energy electrons in 


aluminum were analyzed by Katz and Penfold /350/. The result of this 
analysis is shown by the solid curve of Figure 124. The points in this 
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figure represent the data of various measurements, The solid curve can 
be represented analytically by the formula . 


R=0.412 7(1.265—0.0954 log 7), (1 5.2) 


which relates the extrapolated range in aluminum to the electron energy in 
the range 0,01-2.5 Mev. 


Flux intensity, relative unit 


oy; spec 
FIGURE 122. Absorption curves of monoenergetic elec- 
trons with energies of 0,4-1.7 Mev in aluminum /391/ 


The broken curve in Figure 124, corresponding to 


Ry (mg/cm? )=0,5307 (Mev)— 0.106, (15.3) 


satisfies the experimental data for T>2.5 Mev. The difference between 
the extrapolated ranges according to (15.1) and (15.3) is within the limits of 
experimental error. According to measurements /193/, for electrons 
with energies from 10 to 23 Mev the range in aluminum can be expressed 


by 


R,(cm)= 0.246 E (Mev). (15.4) 
IE Whereas the experimental data on the 
UE ranges of electrons with energies higher 
$5 MOY than 100 kev agree with one another, they 
so} 4 ar-> quite contradictory for electron 
45 energies 7 <100 kev. This is mainly 
4 9@ due to the differences in the methods, and 
consequently, to the difference in the 
38 185 > physical meaning of the ranges determined; 
30 Fe Y the experimental! difficulties in these 
25 investigations are also Significant. 
0 5.10 Feldman /250/ gives the results of 
7 370 systematic measurements of the practi- 
5 cal maximum range of electrons with 
10 : energies of up to 10 kev in various media, 
5 The measured ranges satisfy the formula 
4 2 f a | A (T(kev 
6S ‘ ae mp(A) = 250 (ae y\" (15.5) 
FIGURE 123, Absorption curves of mono- where 
energetic electrons with energies of 3,7- eee 1.2 . 
11,9 Mev in aluminum /299, 300/ Y— 0,29 JogycZ 2 
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A, Z are the mass number and nuclear charge of the stopping atoms; 
p is the density. 
For aluminum, in particular, the range—energy relation for 7 = 10 kev 


is given by R,, (A) = 260 Tied (15.6) 


It was pointed out in this work that the experimental values of = for low- 


energy electrons (7 <10 kev) are lower than the theoretical pulies: cal- 
culated by (13.9). 
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FIGURE 124. Semi-empirical range-energy relation of electrons in aluminum /350/. The points 
represent experimental data on the range of monoenergetic electrons. For the latter the curve 
gives the extrapolated range Ao, and for the beta-particles — Ri, 
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However, in /283/ it was shown that (13.9) gives mean electron ranges 
(7~ 10 kev) in aluminum and gold which agree with the experimental values 
On the basis of the experimental investigations of the range of mono- 
energetic electrons and positrons in aluminum, the authors of /276/ pro- 

posed the following formulas: 


Rj (mg/cm?) = 773 Ttev) (15.6a) 
+ 2) _ 1.72 
Rinp mg/cm") = 759 Testevy' (15.6b) 


10 kev << T< 160 kev. 


The range of electrons (g/cm?) in a medium is weakly dependent on Z, 
if the losses on bremsstrahlung are negligibly small. Results of the range- 
energy relation for electrons in aluminum may also be used for other media, 

Ranges of electrons with a continuous energy spectrum. The absorption 
curve of electrons of a continuous spectrum, e.g., beta-electrons, differs 
considerably from that of monoenergetic electrons. In the initial section 
(see Figure 121) it has the form of the exponent exp (—px), so that one may 
introduce the concept of absorption coefficient of beta-particles. As has 
been shown by experiments, the mass absorption coefficient . is almost 
independent of the atomic weight of the absorber and increases slightly 
with Z, 


196 


The absorption coefficient of beta-particles in aluminum can be roughly 
determined from 


Ley ee eee (15.7) 
° (cm /g) Einica 
Libby et al. /367/ have shown that for cylindrical geometry (absorbing 
medium in the form of a cylinder around a cylindrical counter) the follow- 
ing relation exists between the layer thickness for half absorption of beta- 
particles in aluminum and the maximum energy of the beta spectrum: 


d,, (mg/cm?) = 38Eo4yey- (15.8) 


The experimental data are given in Table 76, 
A relation between the thickness of half absorption of beta-particles in 
aluminum and in other materials is given by 
1.27 


M 
Al ee he 
where M,is the mean atomic weight of the absorbing material. 
The above expressions are only suitable for simple beta spectra, i.e., 


for beta radiation sources in which the beta transition is only observed 
between the ground states of the nuclei. 


d,, (x) = d, 


TABLE 76 


Experimental data on the relation between the limiting energy of the beta spectrum 
and the half absorption thickness /367/ 


Maxi -particl Half absorption | 
8- particle source Atri EparUele Absorbing medium ie "6 ad 
energy, £o, Mev d,,,.mg/cem 


T Helium, He 0,050 
2193 Aluminum, Al 0,35 
Sm)9l Aluminum, 0.63 
cl4 Aluminum, L9 

Mylar 2.2 
go Aluminum, 2.3 
Mylar 2,7 
Rb87 Aluminum, 4.85 
Gats Aluminum, 4,9 
Tc99 Aluminum, 6,09 
T1204 Aluminum, 22 
C186 Aluminum, 32 
Copper, Cu 26 
Tin, Sn 18-21 
K40 Aluminum, Al 67,0 
p32 . Aluminum, Al 84.0 
Copper, Cu 60 
Tin, Sn 00 
y90 Aluminum, Al 130 


The maximum range of beta-particles determined from the absorption 
curve is a function of the maximum energy of the beta spectrum. The 
relation between the maximum range of beta-particles in aluminum and 
their maximum energy was studied by scveral authors, Feather /251/ 
compared such measurements with the values of &, determined by a 
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magnetic spectrograph, and proposed the following relation for aluminum 


Rap, (g/cm? )= 0.543 Eq¢xtev)— 0.160, 


which is true for £, >0.8 Mev. 


Maximum range, mg/cm@ 


FIGURE 125. Experimental dependence of the maximum range of alpha-particles 
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on their maximum energy in aluminum /91/ 


(15.9) 


In recent years other semi-empirical relations have been proposed. 
For example, according to Glendenin /274/, the following expressions are 
valid for aluminum 


Ryn = 0.542 Ey — 0.133 (0.8 < E, <3 Mev), 


Ra, = 0.407 ET* (0.15 << Ey << 0.8 Mev). 


According to Flammersfeld /252/ 


Rim = 9.11 (VY T+ 22.42 —1)  (0<E,<3 Mev). 


198 


\ 


(15.10) 


(15.10a) 


(15.11) 


Finally, Bleuer and Zunti /188/ proposed the following empirical relation: 
Rn = 0.571 Ey — 0.161 (E,>1 Mev), (15.12) 


In (15.9) to (15.12) the range is expressed in grams per Square centimeter, 
and the energy is expressed in megaelectronvolts. 

In Figure 125 the solid curve gives the dependence of R,,, on £y accord- 
ing to Flammersfeld's formula (15.11). The points in this figure repre- 
sent values of R,,, calculated by other expressions. 

The curve of Figure 125 may be used for determining the end point 
energy of the beta-spectrum from the experimentally determined maximum 
range of the beta-particles, However, the determination of Rem is difficult, 
particularly in those cases when the beta disintegration is accompanied by 
the emission of gamma quanta. There are relatively few beta emitters 
free of gamma quanta, among them are RaE, p® They are used as stand- 
ard sources in comparative methods /188, 251/. 

Range of electrons in photoemulsions. The range—energy relation of 
electrons in special emulsions (sensitive to electrons) was studied ina 
number of experimental and theoretical works /199, 200/. 

Table 77 gives experimental and calculated values of the mean range 
of electrons with energies of 30-350 kev in Kodak NT4 (NT2) photoemulsion, 
containing 10.8: 10°? electrons per cubic centimeter, In calculations by 
(13.9) / was taken as 125 ev for the emulsion. 

Comparative investigation of absorption of monoenergetic electrons 
and positrons with energies of 0.25— 2.5 Mev in matter /21, 334/ have 
shown that in light media, for example in aluminum, the absorption is the 
same for both kinds of particles, In heavy media (gold), the absorption of 
positrons is weaker than that of electrons of the same energy. The dif- 
ference increases with increasing charge of the absorber nuclei and with 
increasing absorber thickness, The reason for the stronger absorption of 
electrons is the difference in the cross sections for single and 
multiple scattering on nuclei (§ 12). 

Mean electron ranges in various media, calculated by Bethe's formula, 
are given in Table 78, 


§ 16. Connection between energy losses and ionization 


Specific ionization. The total number of ion pairs, produced by an 
electron and by the secondary charged particles formed by it, is equal to 


E 
N otal = w, (16.1) 
where E£ is the initial energy of the electron; 
w, is the energy spent on the formation of one ion pair. 
It was shown that the value of w, is almost independent of the electron 
energy in a wide energy range. 
The quantity J ) (z) 
ion 


total &, \dx 


(16.2) 


is called the probable specific ionization. It is the total number of ion 
pairs formed per unit range length of the electron. 

The total ionization is the sum of the primary and secondary ionizations. 
On the average for each electron formed in primary ionization there are 
1-2 secondary electrons (pairs). 
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TABLE 77 


Experimental and theoretical electron ranges in Kodak 
NT4 emulsion /520/ 


Mean Calculated {Mean number 
range. R | range. R fof grains in the 


microns track 


TABLE 78 


Calculated mean electron ranges /463/ 
Range, g/cm 


Polystyrene 


(Jy==80.5 ev | (/=150 | (=310 
I, =92 ev) | ev) ev) 


200 


Cd 


00029 - 
0.0069 Ee 
0.0122 | 0.0143 
0.0222 | 0.0259 
0,0679 | 0,0784 
0.1260 | 0.1448 
0.1913 | 0.2191 
0.2609 | 0.2982 
0.3332 | 0.3802 
0.4073 | 0.4640 
0.4823 | 0.5489 
0.5580 | 0.6344 
0.6340 | 0.7201 
0.7862 | 0.8916 
0.9381 | 1,062 
1.088 1.232 
1.387 1867 
1.535 | 1,732 
1.681 | 1.896 
1.826 | 2.058 
1.970 | 2.219 
2.113 | 2.379 
2.812 | 3,160 
3.491 | 3.917 
4.153 | 4.654 


(1=:480 
ev) 


admiumj Gold, 


ne Alumi- | Copper, 
num, Al Cu 


Au 
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Thus, for example, a 4.9 Mev electron forms per 1 cm of path in air 
25.4 primary pairs /226/ for a total number of 62.5 pairs per cm. 

The measurement of the primary specific ionization is performed by a 
cloud chamber /512, 513/ or by investigating the dependence of the effi- 
ciency of the Geiger-Miiller counters on the pressure /299, 393/; see 
§ 8. The total ionization can be measured either in a cloud chamber or 
by ionization chambers or proportional counters. 


TABLE 79 


Primary specific ionization produced by electrons in various gases 


Electron Number of primary ion pairs per 1 cm path in the gas 


energy, Hydrogen, 


0.205 {8.4540.095 |7.56+0.16 118.4540.36 141.740.77 
6.04+0.065 /5.58+ 0.066 }13.4 +0.17 |30.540.34 


Table 79 gives values of the number of primary ions formed by low- 
energy electrons (7<3 mc’) per 1 cm of path in various gases, as well 
as the total specific ionization in air. Figure 126 gives experimental data 
on the specific primary ionization in hydrogen versus the momentum of 
electrons, 


, pairs/cm 


FIGURE 126. Specific primary ionization in hydro- 

gen versus momentum of electrons, The curve was 

obtained by selecting the parameters in formula 

(16, 3) which gave the best fit to the experimental 
points; 


1—/512/, 2—/299, 300/; 3—/393/ 


The value of w, is almost independent of the energy, and therefore the 
investigation of the primary and total specific ionizations, produced by 
high-energy electrons (7>3 mc’), makes it possible to detect and measure 
the relativistic increase in the specific energy losses, as well as to assess 
the density effect. The relativistic increase in the ionization produced by 
electrons was first observed in the experiments of Corson and Brode /222/ 
who used acloud chamber. This effect was studied more carefully and in 
greater detail in many subsequent works. 


The points in Figure 126 represent experimental data on the specific 
primary ionization produced by electrons in various energies in hydrogen. 
These data were obtained by Kozins (1937), Hareford /299/ and McClure 
/393/ in studies of the dependence of the counting efficiency of electrons 
in gaseous counters on the pressure. The results of various measure- 
ments of Williams and Terroux are also included /512/. They studied 
the ionization produced by electrons with v0.5 c in hydrogen by a cloud 
chamber, The curve in Figure 126 corresponds to Bethe's theoretical 
formula /150/, giving the mean number of ionizing collisions per 1 cm of 
path in a gas under normal conditions 


Za 2me2B 
Lotim= Qnr’ me*nz? Fe |i ( Tom tok |. (16.3) 


where ris the classical radius of the ere ron, 
nis the number of atoms in 1 cm? of the stopping medium; 
aand bare dimensionless constants, characterizing the electronic 
structure of the stopping atoms. 

Bethe calculated the values of @ and 6 only for hydrogen; for other 
media they are determined experimentally /393/. Usually there is a 
completely satisfactory agreement between the experiment and the theory- 

A large number of investigators studied the specific total ionization and 
specific probable ionization, In contrast to the specific total ionization, 
the latter is connected with energy losses in collisions in which the electron 
is given an energy not less than some minimum 7, The value of 7,is de- 
termined by the lower sensitivity threshold of the detecting device. Where- 
as the specific total ionization is connected with the specific energy loss, 
determined by (13.7) or (13.9), the probable energy loss for relativistic 
electrons is given by 


dE 2xneé 2mvu3T, 
AG )ion = wes In /3(1 —83) i sia | ee) 


where the notation is the usual one, 

Frost and Nielsen /253/ have shown that the specific probable ionization 
in air, hydrogen, helium and argon is in satisfactory agreement with (16.4) 
for electron energies of 0.25-0.8 Mev. It was shown in /409/ that the spe- 
cific total ionization in air, argon and hydrogen increases by 5% when the 
electron energy is increased from 9 to 17.5 Mev. 

Barber /194/ measured the specific probable ionization in hydrogen, 
helium and nitrogen for electron energies from 1 to 34 Mev with an ioni- 
zation chamber, In nitrogen, the relativistic increase in the ionization 
from the minimum to T= 34 Mev is in agreement with the specific 
energy losses predicted by the theory (formula (16,.4)), In helium, and 
in particular in hydrogen, the observed increase in the ionization was 
considerably lower than the theoretical prediction, and the density effect 
cannot explain this discrepancy, The author assumes that this is connected 
with the Cerenkov radiation (§ 9) and it leads to a situation where the value 
of w, in hydrogen for 7= 34 Mev is 3.3% higher than @, in the minimum 
of the specific ionization curve, 

Figures 127 and 128 give the experimental curves of the specific probable 
ionization in helium and nitrogen as obtained by Barber, The measured 
values of the minimum specific ionization in hydrogen, helium and nitro- 
gen were (7,56 + 0.09); (6.15 + 0.08) and (53.2 + 0.7) ion pairs/cm, res- 
pectively. Using these values, Barberdetermined, by expressions (16.2) and 
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(16.4), the values of w, for hydrogen, helium and nitrogen (see Table 82), Di- 
viding the difference in the specific energy losses, calculated by (13.9) and 


(16.4), by w,and adding the result to the measured values of (a) , the 
prob 


author determined the minimum specific total ionization for T= 34 Mev. 
The results of these calculations as well As other results are given in 
Table 80. 
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TABLE 80 


Specific ionization in gases under p= 760 mm of mercury and T=Q° 


lonization Hydrogen, | Helium, Nitrogen, ; Argon, 
ic Air References 
characteristics H He N A 


Number of ion pairs per 
cm for minimum prob- 
able energy loss 6. 48-0, 34 | 8.13-0,51 53, 1-2, 8 /253/ 

Specific total ionization 
(pairs/cm) for T= 


= 17.5 Mev /409/ 
Number of ion pairs per 

cm) for minimuin prob- 

able energy loss 7,56-0,09 [6.15 +0, 08 /194/ 
Minimum specific total 

ionization, pairs/cm 9,.19+0 18 | 7,55-0,16 /194/ 
Specific total ionization 


, g 4 ; y 
(pairs/cm) for 7=34 Mev 11,504 0,22 | 9.672 0.20 ; (194s 


It was shown in /513/ that primary and probable ionization in hydrogen 
are not the same for electrons and positrons of the same energy (T= 230- 
267 kev), 

A relativistic increase in the specific ionization, limited by the density 
effect, was obtained in a dense condensed medium. An example is the 
work of Pickup and Voyvodic /421/, in which it was shown for the first 
time that the ionization minimum (observed at an electron energy of 


8) is followed by a small increase; for ~ ~90, this increase is 
muc3 mec 
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—~ 10% of the minimum and remains constant up to very high energies 
(ionization plateau, cf, also Figure 85). Subsequent work confirmed this 
result, 

The light yield in crystal-scintillators has a similar dependence upon 
the electron energy /207/. 

Energy spent on the formation of one ion pair. An important experi- 
mental fact, established in the investigation of ionization produced by 
electrons, X- and gamma-rays, is the weak dependence of w,, the mean 
energy spent on the formation of anion pair, on the energy of the electrons. 
Moreover, for a given medium the value of w, differs only slightly from the 
values of w, and w, (the energies spent on the formation of an ion pair by 
alpha-particles and protons). For example, the absolute value of w (A), 
measured at 7, = 5.3 Mev, is only 0.5% higher than the absolute value of 
w, (A), measured for energies of 50-1000 kev. 


~ 


TABLE 81 


Experimental values of w, for air 


w.,.: Dependence of 
EEC CHIN (air), w, on the Technique of measurement References 
energy, kev ev/pair é 
electron energy 
3-240 35.04 0.5 | Weak or no de- Proportional counter /485/ 
pendence 
70 The same Extrapolation ionization chambers + /116/ 
calorimeter; source of 539 
1000 The same lonization chamber + dosimeter /503/ 
Ionization chamber+ 4x — 
5-20 The same counter of beta-particles /324/ 
Calorimeter + thermistors, 
1100 The same beta sources = 
10-40 Weak Electron beam /275/ 
Up to 80 Cloud chamber with a magnetic field /253/ 
17500 Betatron; microcalorimeter /366/ 
Extrapolation ionization chamber, beta- 
49 33,7+0.3 particles of $35 /201, 202/ 
49 33,9 The same /324/ 
49 33.67 0,3 The same /282, 329/ 


500-1700 |33.9+0.5N] No dependence Extrapolation ionization chamber /195/ 


Experimental data on the mean energy spent by electrons of various 
energies on the formation of one ion pair in air are given in Table 81. In 
early works of Bukhman and Eizl' it was shown that for electrons with 
energies of 4-60 kev the value of a ,;,is independent of the energy and is 
equal to 31-32 ev. Gerbes /275/ based on the analysis of these works and 
on his own measurements concluded that ® air) 1S in the range 4-60 kev and 
decreases slowly with increasing energy. Pigge et al. established that @, 
increases appreciably with increasing electron energy down to 0.3-1 kev. 

In subsequent works carried out by means of an improved technique and 
at higher electron energies, values of w, _, lying in the range of 31-35kev, 
were obtained. a 

In 1956 the International Commission on Radiological Units recommended 
/31/ a value of W, (air) Equal to 34,0 ev/pairs. 

Argon or air are usually taken as a standard medium for measuring the 
relative values of w, (,;,)/324, 506/. The corresponding experimental data 
are given in Table 82, 
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TABLE 82 


Experimental relative values of w, for various gases 


w, w, We w, 
w, | (gas) w,. | (gas) | we | (gas) we | (gas) 
oe (gas), aes eee leek 
ev We We We 
wart "ee 4 
| fazgy | /806/ /329/ | /253/ 
Helium, He. .... 26.0 
Neon. NE. 4 4a o-« — 
Argon, A...... 27,9 
Krypton, Kr — 
Xenon, Xe ..... ae 
Hydrogen, Ho  § 37,2 
POU 48 Sis naiaa tes Me ee 31,2 
Nitrogen, No... . a 
Oxygen, O2 — 


Carbon dioxide, CO 
Ethylene, CoH4 
Ethane, C2H6 
Methane, CHq... 
Radical CHg 


Jesse and Sadauskis used an ionization chamber with a collecting 
electrode in the form of a wire grid for measuring the absolute and rela- 
tive values of w,. The electrons were completely absorbed in the chamber 
so that the measurements gave the total ionization. The number of ab- 
sorbed electrons were determined from the absolute rate of decay of beta 
sources determined with a 4n-counter. °- 

The measured results of Jesse etal. are ingood agreement with the results of 
measurement of w,(A) /484/ made by proportional counters, filled with argon, 
with tracks of radioactive gases (ae ce). 

Among the important works on the determination of w, are those of 
Weiss and Bernstein /506/, who used an extrapolation ionization chamber 
with plane electrodes, satisfying the Bragg-Gray principle*. The energy 
absorbed in the walls of the chamber was determined by a chemical ferro- 
sulfate dosimeter. In calculating w, from the measured results, the 
authors used the calculated values of the stopping powers of the media being 
investigated. 

The values of w,, measured by Weiss and Bernstein, are in good agree- 
ment with the values measured with a different technique by Jesse et al. 

It should be mentioned that small impurity admixt’res (~0.01-0.1 %) 
to certainnoble gases leadtoanincreasein w, (this refers also to the 
values of w, and w,, see § 8). The quantity w, y.iS particularly sensitive 
to impurities, 
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* In this case (see for example /3, 23/) the following relation exists between the energy &, absorbed in 
1 g of material in the wall of the chamber, and the ionization produced in the gas filling the chamber 


E=JSWS ps 


where J is the ionization referred to 1 g of the gas, S,, are the relative mass stopping powers of the sub- 
stance and of the gas. 
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The absolute values of w, (A) and &,(4)are almost identical. The weighed 
mean of four independent measurements /189, 319, 464, 506/ of the ab- 
solute values of w, gives 26.39 ev for 7, =5.3 Mev. At the same time, 
the weighed mean of four independent measurements /201, 512, 319, 282/ 
of the absolute value of W, (4) gives 26.25 ev (7 = 49-1000 kev). Thus @, (4) 
is ~ 0.5% higher than w, (A)° Bay et al. /201/ obtained the following ab- 
solute values of the energy spent on the formation of one ion pair in air: 


Ww =33.7+0.3ev, w, (air) = 34.97+ 0.07ev. 


@ (air) 
The authors of /201, 202/ explain this as a consequence of the difference 
in the ionization conditions for alpha-particles and electrons; Jesse /320/ 
assumes that the inequality of w, and w, is due to the weak dependence of 
won the energy of the alpha-particles. According to Jesse, the values of 
wand w, should be exactly equal at very high alpha-particle energies. 
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